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Abstract. We develo p t he theory of stratified toroidal varieties, which gives, together with the theory of 
birational cobordisms |73| , a proof of the weak factorization conjecture for birational maps in characteris- 
tic zero: a birational map between complete nonsingular varieties over an algebraically closed field K of 
characteristic zero is a composite of blow-ups and blow-downs with smooth centers. 
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0. Introduction 

The main goal of the present paper is two-fold. First we extend the theory of toroidal embeddings intro- 
duced by Kempf, Knudsen, Mumford, and Saint-Donat to the class of toroidal varieties with stratifications. 
Second we give a proof of the following weak factorization conjecture as an application and illustration of 
the theory. 

Conjecture 0.0.1. The Weak Factorization conjecture 

1. Lef f : X >Y be a birational map of smooth complete varieties over an algebraically closed field of 

characteristic zero, which is an isomorphism over an open set U. Then f can be factored as 

fo fl fn - 1 

X — Xq > Xi > . . . > Xn = Y, 

where each Xi is a smooth complete variety and fi is a blow-up or blow-down at a smooth center which 
is an isomorphism over U . 

2. Moreover, if X \ U and Y \ U are divisors with normal crossings, then each Di := Xi\U is a divisor 
with normal crossings and fi is a blow-up or blow-down at a smooth center which has normal crossings 
with components of Di . 

Date: February 1, 2008. 

The author was supported in part by Polish KBN grant 2 P03 A 005 16 and NSF grant DMS-0100598. 

1 



2 



JAROSLAW WLODARCZYK 



This theorem extends a theorem of Zariski, which states that any birational map between two smooth 
complete surfaces can be factored into a succession of blow-ups at points followed by a succession of blow- 
downs at points. A stronger version of the above theorem, called the strong factorization conjecture remains 
open. 

Conjecture 0.0.2. Strong factorization conjecture. Any birational map f : X > Y of smooth 

complete varieties can be factored into a succession of blow-ups at smooth centers followed by a succession 
of blow-downs at smooth centers. 

One can find the statements of both conjectures in many papers. Hironaka [p9| formulated the strong 
factorization conjecture. The weak factorization problem was stated by Miyake and Oda The toric 

versions of the strong and weak factorizations were also conjectured by Miyake and Oda and are called 
the strong and weak Oda conjectures. The 3-dimensional toric version of the weak form was established by 
Danilov (see also Ewald [Q). The weak toric conjecture in arbitrary dimensions was proved in [ |72| 
and later independently by Morelli who proposed a proof of the strong factorization conjecture (see 
also Morelli |50j). Morelli's proof of the weak Oda conjecture was completed, revised and generalized to 
the toroidal case by Abramovich, Matsuki and Rashid in A gap in Morelli's proof of the strong Oda 
conjecture, which was not noticed in ||^, was later found by K. Karu. 

The local version of the strong factorization problem was posed by Abhyankar in dimension 2 and by 



Christensen in general, who has solved it for 3-dimensional toric varieties 1 13 . The local version of the weak 
factorization problem (in characteristic 0) was solved by Cutkosky in jl^ , who also showed that Oda's strong 
conjecture implies the local version of the strong conjecture for proper birational morphisms [p^ and proved 



the local strong factorization conjecture in dimension 3 (|17 ) via Christensen's theorem. 

Shortly after the present proof was found, another proof of the weak factorization conjecture was conceived 
by Abramovich, Karu, Matsuki and the author 0|. Unlike the proof in [Q the present proof does not refer 
to the weak factorization theorem for toric varieties. 



Another application of the theory of stratified toroidal varieties is given in Section 8.3, where we show the 



existence of a resolution of singularities of toroidal varieties in arbitrary characteristic by blowing up ideals 



determined by valuations (see Theorem 8.3.2) 



All schemes and varieties in the present paper are considere d ove r an alge braically closed field K . The 



assumption of characteristic is needed for the results in Sections 11. 4 and 12.4 only, where we use Hironaka's 
canonical resolution of singularities and canonical principalization for the second part of the theorem (see 
Hironaka |2^, Villamayor |^l| and Bierstone-Milman |^). 



1. Main ideas 



1.1. Toroidal embeddings. The theory of toroidal embeddings was introduced and developed by Kempf, 
Knudscn, Mumford and Saint-Donat in js^. Although it was originally conceived for the purpose of com- 
pactifying symmetric spaces and certain moduli spaces it has been successfully applied to various problems 
concerning resolution of singularities and factorization of morphisms (see [D, j^). It is an efficient 

tool in many situations, turning complicated or even "hopeless" algebro-geometric problems into relatively 
"easy" combinatorial problems. Its significance lies in a simple combinatorial description of the varieties 
considered carrying rich and precise information about singularities and stratifications. 

By a toroidal embedding (originally a toroidal embedding without self-intersections) we mean a variety X 
with an open subset U with the following property: for any x ^ X there is an open neighborhood Ux and 
an ctalc morphism 4> : Ux X„^ into a toric variety X„^ containing a torus T such that UxC\U = 0^^(r). 
Such a morphism is called a chart. 

Let Di,i e /, be the irreducible components of the complement divisor D = X \ U . We define a 
stratification S on X with strata s G S such that either s is an irreducible component of f]^^ j Di for some 
J C I or s = X. The strata are naturally ordered by the following relation: s < s' iff the closure s contains 
s' . In particular s = s \ Us'>s chart (/) : Ux ^ X^^ preserves strata: as a matter of fact, all strata 

s C Ux for s £ S* are preimages of T-orbits on X^^ . In fact a toroidal embedding can be defined as a 
stratified variety such that for any point x X there exists a neighborhood Ux of x and an etale morphism 
(j) : Ux ^ Xa-^ preserving strata. 

The cone ax in the above definition can be described using Cartier divisors. Let x belong to a stratum 
s e S'. We associate with s £ S* the following data (|^9|): 
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M*: the group of Cartier divisors in Star(s, S) := Us'<s ^' ' supported in Star(s, S) \ U, 
N, :-Hom(M„Z), 

C M*: effective Cartier divisors, 
(TsCN^: the dual of M^. 

This gives a correspondence between strata s £ S and cones. If s' < s then as' is a face of tTg. By glueing 
cones (Ts along their subfaces we construct a conical complex S. In contrast to in the standard theory of 
complexes two faces might share a few common faces, not just one. For any stratum s G S" the integral 
vectors in the relative interior of as define monomial valuations on X^^ ■ These valuations induce, via the 
morphisms </> monomial valuations centered at s (independent of charts). 

The natural class of morphisms of toroidal embeddings are called toroidal morphisms and are exactly 
those which are locally determined by charts and toric morphisms: 

A birational morphism of toroidal embeddings / : {Y, U) {X, U) is toroidal if for any x £ s (Z X there 
exists a chart x £ Ux X^t^ and a subdivision A'^ of as and a fiber square of morphisms of stratified 
varieties 

T/ T 

UxXx^^Xa' ^ {f-\U^)J-\U,)nU) ^ {Xa',T) 

Note that toroidal morphisms are well defined and do not depend upon the choice of the charts. This fact 
can be described nicely using the following Hironaka condition: 

For any points x, y which are in the same stratum every isomorphism a : X^ — > Xy preserving stratification 
can be lifted to an isomorphism a' :Y Xx X^ -^Yxx Xy preserving stratification. 

Birational toroidal morphisms with fixed target are in bijective correspondence with subdivisions of the 
associated complex. 



1.2. Stratified toroidal varieties. A more general class of objects occurring naturally in applications is 
the class of stratified toroidal varieties defined as follows. 

A stratified toric variety is a toric variety with an invariant equisingular stratification. The important 
difference between toric varieties and stratified toric varieties is that the latter come with a stratification 
which may be coarser than the one given by orbits. As a consequence, the combinatorial object associated to 
a stratified toric variety, called a semifan, consists of those faces of the fan of the toric variety corresponding 
to strata. The faces which do not correspond to strata are ignored (see Definition ^.1.5 ). 

By a stratified toroidal variety we mean a stratified variety {X, S) such that for any x G s, s G S* there is 
an etale map called a chart (px ■ Ux ^ X„ from an open neighborhood to a stratified toric variety such that 
all strata in Ux are preimages of strata in Xg- (see Definition 4.1.51 ). A toroidal embedding is a particular 



example of a stratified toroidal variety if we consider the stratification described in section f.l (see also 
Definition |4.1. 81 ). 

Each chart associates with a stratum s the semicone a i.e the semifan consisting of faces of a corresponding 
to strata in Star(s, S) for the corresponding stratum s. 

If one chart associates to a stratum a semicone ai , and another associates a2 then Demushkin's theorem 
says that ai ~ f72- 

This gives us the correspondence between strata and cones with semifans. Consequently, if s < s', then 
a is a face of a' and the semicone tr is a subset of the semicone a' . By glueing the semicones a and a' along 
the common faces a" we obtain the so called semicomplex E associated to the stratified toroidal variety. The 
semicomplex is determined uniquely up to isomorphism. Its faces of the semicomplex are indexed by the 
stratification. If a stratified toroidal variety is a toroidal embedding then the associated semicomplex is the 
usual conical complex. 

Note that in contrast in the case of toroidal embeddings only some integral vectors v in faces of this 
semicomplex determine unique valuations on X which do not depend upon a chart. Th ese vectors are called 
stable and the valuations they induce are also called stable (see Definitions 5.3.1 , 5.3.2 ). The sta ble ve ctors 
form a subset in the support of the semicomplex, which we call the stable support (see Definition 6.1.1). 
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In particular, let X be a smooth surface and S be its stratification consisting of a point p € X and its 
complement. The associated semicomplex consists of the regular cone Q>o • ei + Q>o • 62 corresponding to 
the point p and of the vertex corresponding to a big stratum. The only stable valuation is the valuation of 
the point p which corresponds to the unique (up to proportionality) stable vector 61 + 62. 

The notion of stable support plays a key role in the theory of stratified toroidal varieties. The stable 
support has many nice properties. It intersects the relative interiors of all faces of the semicomplex and this 
intersection is polyhedral. The relative interiors of faces which are not in the semicomplex do not intersect 
the stable support. Consequently, all stable valuations are centered at the closures of strata. The part of the 
stable support which is contained in a face of the semicomplex is convex and is a union of relative interiors 
of a finite number of polyhedral cones. Also some "small" vectors like those which are in the parallelogram 
determined by ray generators belong to the stable support. If we consider the canonical resolution of toric 
singularities then all divisors occurring in this resolution determine stable valuations. In section where 
we discuss another approach to the weak factorization conjecture in we also show a method of computing 
the stable support which is based on the idea of torification of Abramovich and dc Jong 

The stability condition for vectors in a face a of the semicomplex E can be expressed in terms of invariance 
under the action of the group G"^ of automorphisms of a scheme associated to this face (see Definition 
^.3.1 ) (see section 4.13|). T he vector v is stable if the valuation determined by this vector on Xa- is G"- 
invariant. (Definition |3.3.2| ). 

Birational toroidal mophisms or simply toroidal morphisms between stratified toroidal varieties are those 
induced locally by toric morphisms via toric charts and satisfying the Hironaka condition (see Definition 
4.12.2 ). The Hironaka condition implies that toroidal morphisms, which are a priori induced by toric charts, 
in fact do not depend upon the charts and depend eventually only on the subdivisions of the semicomplex 
associated to the original stratified toroidal variety. 

This leads to a 1 — 1 correspondence between toroidal morphisms and certain subdivisions, called canonical, 
of the semicomplex associated to the original variety (see Theorems 1.14.1 and 6.6.1 ). 

The canonical subdivisions are those satisfying the following condition: all "new" rays of the subdivision 
are in the stable support (see Proposition 7.6.1). It is not difficult to see the necessity of the condition since 
the "new" rays correspond to invariant divisors which determine invariant valuations. It is more complicated 
to show the sufficiency of the condition. 

Let (y, R) — > {X, S) be a toroidal morphism of stratified toroidal varieties associated to the canonical 
subdivision A of the semicomplex E associated to {X,S). Then the semicomplex E/j associate d to (Y, R) 
consists of all faces in A whose relative interiors intersect the stable support of E (see Theorem |6.6.1 ) . 

Toroidal morphisms between stratified toroidal varieties generalize those defined for toroidal embeddings. 
In that case, all subdivisions are canonical and we get the correspondence between toroidal embeddings and 
subdivisions of associated semicomplexes mentioned in Section 



1.1 



above. 



In our considerations we require some condition, called orientability, of compatibility of charts on stratified 
toroidal varieties. This condition is analogous to the orientability of charts on an oriented differentiable 
manifold. It says that two etale charts ^ : [/ — > X^^ and (f>' : U ^ X„^ define an automorphism o c})^^ in 
the identity component of the group of automorphisms of Spec(C'jc^ ) (see Definition 4.9.1). In the differential 
setting, the group of local automorphisms consists of two components. In the algebraic situation the number 
of components depends upon the singularities. It is finite for toric singularities. Smooth toroidal varieties 
are oriented, since the group of automorphisms of the completion of a regular local ring is connected. 

Let X be a toroidal variety with isolated singularity xi ■ X2 — ■ X4 or equivalently after some change of 
coordinates yf + yi+yi + yl — 0. In this case the group of automorphisms of the formal completion of X 
at the singular poin t consi sts of two components. Consequently, there are two orientations on X (for more 
details see Example 4.10.7 ). 

Toroidal embeddings are oriente d st ratified toroidal varieties (see Example 4.10.6 ). Stratified toroidal 
varieties are orientable (see Section S.2). 



1.3. Toroidal varieties with torus action. Let F denote any algebraic subgroup of an algebraic torus 
T :— K* X ... X K* . If F acts on a stratified toric variety via a group homomorphism F — s- T, then we 
require additionally, that the stabilizers at closed points in a fixed stratum s are all the same and equal to 
a group Fg associated to s, and there is a Fg-equivariant isomorphism of the local rings at these points. 
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A T -stratified toroidal variety is a stratified toroidal variety with a F-action which is locally F-equivariantly 
etale isomorphic to a F-stratified toric variety. We associate with it a F-semicomplex which is the semicomplex 
E with associated groups F^- C F acting on Xcr- 

F-semicomplexes determine local projections n : a —> defined by good quotients Xa-^ — > X^r :— Xa/Tcr- 
These local projections are coherent in the sense that they commute with face restrictions and subdivisions. 

All the definitions in this category are adapted from the theory of stratified toroidal varieties. We addition- 
ally require that charts, morphisms and automorphisms occurring in the definitions are F^ or F-equivariant. 



1.4. Birational cobordisms, Morse theory and polyhedral cobordisms of Morelli. The theory of 
birational cobordisms, which was developed in j?^ , was inspired by Morelli's proof of the weak factorization 
theorem for toric varieties, where the notion of combinatorial cobordism was introduced (see [^). 

By a birational cobordism between birational varieties X and X' we understand a variety B with the 
action of the multiplicative group K* such that the "lower boundary" i?_ of B (resp. the "upper boundary" 
-B+) is an open subset which consists of orbits with no limit at (resp. oo). The cobordant varieties 
X and X' are isomorphic to the spaces of orbits (geometric quotients) B^/K* and B+/K* respectively. 
In differential cobordism the action of the 1-parameter group of diffeomorphisms G ~ (R, +) — (R-*!')' 
defined by the gradient field of a Morse function gives us an analogous interpretation of Morse theory. The 
bottom and top boundaries determined by a Morse function are isomorphic to the spaces of all orbits with 
no limit at —oo and +cxd respectively (or and +oo in multiplicative notation). The critical points of the 
Morse function are the fixed points of the action. "Passing through" these points induces simple birational 
transformations analogous to spherical transformations in differential geometry. If _B is a smooth cobordism, 
then these birational transformations locally replace one weighted projective space with a complementary 
weighted projective space. These birational transformations can be nicely described using the language 
of toric varieties and associated fans. The semiinvariant parameters in the neighbouhood of a fixed point 
provide a chart which is a locally analytic isomorphism of the tangent spaces with the induced linear action. 
Hence locally, the cobordism is isomorphic to an affine space with a linear hyperbolic action. Locally we can 
identify B with an affine space A", which is a toric variety corresponding to a regular cone a in the vector 
space N^. The action of K* determines a 1-parameter subgroup, hence an integral vector v G N^. The 
sets B_ and 5+ correspond to the sets and a_ of all faces of a visible from above or below (with respect 
to the direction of w), hence to the "upper" and "lower" boundaries of a. The vector v defines a projection 
TT : N^/Qv. The quotient spaces B_/K*, B^/K* correspond to two "cobordant" (in the sense of 

Morelli) subdivisions 7r(cr+) and 7r(CT_) of the cone 7r(cr). The problem lies in the fact that the fans 7r(cr+), 
7r(CT-) are singular (which means that they are not spanned by a part of an integral basis). Consequently, 
the corresponding birational transformation is a composition of weighted blow-ups and blow-downs between 
singular varieties. The process of resolution of singularities of the quotient spaces is called 7r-desingularization 
and can be achieved locally by a combinatorial algorithm. The difficulty is now in patching these local tt- 
desingularizations. This problem can be solved immediately once the theory of stratified toroidal varieties 
(with i^*-action) is established. 



1.5. Sketch of proof. Let B — B{X,X') be a smooth cobordism between smooth varieties X and X'. 
Let S be the stratification determined by the isotropy groups. Then {B, S) is a stratified toroidal variety 
with i4r*-action. We can associate with it a i4r*-semicomplex E. The i4r*-semicomplex E determines for 
any face CTs G E a projection tt^ : a determined by the good quotients X^ — > Xrj/T^ — X^. We 

apply a combinatorial algorithm - the so called 7r-desingularization Lemma of Morelli - to the semicomplex 
associated to the cobordism. The algorithm consists of starf subdivisions at stable vectors. Such subdivisions 
are canonical. As a result we obtain a semicomplex with the property that the projections of all simplices 
are either regular (nonsingular) cones or cones of smaller dimension (than the dimension of the projected 
cones) (see Lemma 10.4.4 for details). The semicomplex corresponds to a 7r-regular toroidal cobordism, 
all of whose open affine fixed point free subsets have smooth geometric quotients. The existence of such a 
cobordism easily implies the weak factorization theorem. (The blow-ups, blow-downs and fiips induced by 
elementary cobordisms are regular (smooth)). Since each fiip is a composition of a blow-up and a blow-down 

at a smooth center we come to a factorization of the map X >X' into blow-ups and blow-downs at smooth 

centers (see Proposition 12.2.1). 



2. Preliminaries 
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2.1. Basic notation and terminology. Let iV ~ Z*^ be a lattice contained in the vector space := 
N ^ Q D N. By a cone in this paper we mean a convex set a = Q>o •«! + ... + Q>o • Vk C N^. By abuse 

of language we shall speak of a cone a in a lattice N . To avoid confusion wc shall sometimes write (ct, A'') 
for the cone a in N . For a cone a in N denote by := N n \m{o) the sublattice generated by a. Then by 

a:= {a,N^) 

we denote the corresponding cone in N^. (Sometimes the cones a and g_ will be identified). 

We call a vector u e iV primitive if it generates sublattice Q>oi'j niV. Each ray p G contains a unique 
primitive ray pnm{p). Ifvi,... ,Vk form a minimal set of primitive vectors generating a C A''*^ in the above 
sense, then we write 

a = (ui, . . . ,Vk). 

If a contains no line we call it strictly convex. All cones considered in this paper are strictly convex. For 
any a denote by lin(cr) the linear span of a. For any cones cti and 0^2 in N we write 

a = CTl + (72 

if cr = {vi +V2\vie CTi, f2 £ 0-2}, and 

C = (Tl © (72 

if lin(ai)nlin(a-2) = {0} and for any v G aDN there exist Vi & aiON and W2 € (72 D A'' such that v = Vi+V2- 
For any cones cti in A^i and a2 in A^2 we define the cone cti x 02 in A^i x A^2 to be 

ai X a2 := {{vi,V2) \ Vi € ai for i = l,2}. 

We say that a cone a in A'' is regular if there exist vectors ei, .., e^ & N such that 

a- = (ei)©...©(efe). 

A cone cr is simplicial if a = {v\,... ,Vk) is generated by linearly independent vectors. We call a indecom- 
posable if it cannot be represented as ct = u' © (e) for some nonzero vector e G N. 

Lemma 2.1.1. Any cone a in N is uniquely represented as 

£7 = sing((7) © (ei, . . . ,efe), 

where (ei, . . . ,6^) is a regular cone and smg{a) is the maximal indecomposable face of a. □ 

By mt{a) we denote the relative interior of a. 
For any simplicial cone a = {vi,. . . ,Vk) in A'' set 

par(c7) := {w G cr n A^^ | v = a^vi + . . . + akVk, where < Ui < 1}, 

par(cr) := {u G (7 n A'^^- | v — aiVi + • • • + Q:fe?;fe, where < ai < 1}. 

For any simplicial cone a = {vi,... ,Vk) in A^, by det(a) we mean det(wi,... ,Vk), where all vectors are 
considered in some basis of A'' n lin(cr) (a change of basis can only change the sign of the determinant). 

Definition 2.1.2. A minimal generator of a cone cr is a vector not contained in a one dimensional face of a 
and which cannot be represented as the sum of two nonzero integral vectors in cr. A minimal internal vector 
of a cone cr is a vector in int(c7) which cannot be represented as the sum of two nonzero integral vectors in 
cr such that at least one of them belongs to int (cr). 

Immediately from the definition wc got 

Lemma 2.1.3. Any minimal generator v of a is a minimal internal vector of the face ay of a, containing 
V in its relative interior. □ 

Lemma 2.1.4. For any simplicial a each vector from par(cr) can be represented as a nonnegative integral 
combination of minimal generators. 



□ 



TOROIDAL VARIETIES AND THE WEAK FACTORIZATION THEOREM 



7 



2.2. Toric varieties. 

Definition 2.2.1. (see ||5^). By a fan E in we mean a finite collection of finitely generated strictly 
convex cones ct in such that 

• any face of a cone in S belongs to S, 

• any two cones of S intersect in a common face. 

By the support of the fan we mean the union of all its faces, jSj = Uo-es 
If cr is a face of a' we shall write a ^ a' . 
If CT ^ cr' but (J ^ o' we shall write a < a' . 

For any set of cones S in by E we denote the set {t \ t ^ t' for some r' G E} 

Definition 2.2.2. Let E be a fan and r G E. The star of the cone r and the closed star of E are defined as 
follows: 

Star(T,E) := {cr G E I r ^ cr}, 



Star(r, E) := {cr G E | cr' ^ cr for some cr' G Star(r, E)}, 

Definition 2.2.3. Let E^ be a fan in Ni for i = 1,2. Then the product of Ei and E2 is a fan Ei x E2 in 
X defined as follows: 

El X E2 := {cri X CT2 I cri G Si,cr2 G S2}. 

To a fan E there is associated a toric variety Xy. D T, i.e. a normal variety on which a torus T acts 
effectively with an open dense orbit (see 1 39 , , ||5^ , ||2^ ) . To each cone cr G E corresponds an open affine 



invariant subset X„ and its unique closed orbit Oa- The orbits in the closure of the orbit Oa correspond to 
the cones of Star(CT, E). 

Denote by 

M -.^YLoTnaig.grXT, K*) 

the lattice of group homomorphisms to K* , i.e. characters of T. Then the dual lattice N — Yiomaig.gr. {K* , T) 
can be identified with the lattice of 1-parameter subgroups of T. Then vector space := M (g) Q is dual 
to := N ^ Q. Let {v, w) denote the relevant pairing for w G A^, uj G M 

For any cr C we denote by 

cr^ := {m G M \ {v, m) > for any m G cr} 

the set of integral vectors of the dual cone to cr. Then the ring of regular functions K[Xcr] is i4'[cr^]. 

Each vector v ^ N defines a linear function on M which determines a valuation val(?;) on Xj^. 

For any regular function / — J2weAi ^wX^" ^ ^^\^] set 

val(w)(/) := min{(w,w) | / 0}. 
Thus N can be perceived as the lattice of all T- invariant integral valuations of the function field of X^, ■ 

For any cr c A^*^ set 

cr^ := {m G M | (w, m) = for any m G cr}. 

The latter set represents all invertible characters on X^. All noninvertible characters are on Oa- The 
ring of regular functions on Oa C Xa can be written as K[Oa\ = K[ij-^] C K[ij^] = K[a-^] ® K[q\. Thus 

K[Xa\^K[Oa][a'] 

Let Ta <Z T he the subtorus corresponding the sublattice Na := lin(cr) n A^ of A^. Then by definition, Ta 
acts trivially on K[Oa\ = K[a^] = KlXaf" . Thus Ta = {t \ tx = x,x Oa]. 

This leads us to the lemma 
Lemma 2.2.4. Any toric variety Xa is isomorphic to Xa x Oa, where Oa — T /Ta- □ 

For any cr G E the closure Oa of the orbit Oa C Xy, is a toric variety with the big torus T/Ta- Let 
n : N N/Na be the natural projection. Then Oa corresponds to the fan E' :— {^-^^^ \ t G Star(r, E)} 
in N/Na. 
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2.3. Morphisms of toric varieties. 

Definition 2.3.1. (see | |3^ , js^ , pl| ], [p5|). A birational toric morphism or simply a toric morphism of toric 
varieties Xy^ — > is a morphism identical on T C Xj^ , X-^i 

Definition 2.3.2. (see js^], (2^). A subdivision of a fan S is a fan A such that |A| = |S| and any 

cone cr G S is a union of cones 5 e A. 

Definition 2.3.3. Let S be a fan and g he a. ray passing in the relative interior of r G S. Then the star 
subdivision £i • S of S with respect to g is defined to be 



£- • S = (E \ Star(T, S)) U + cr | cr G Star(T, E) \ Star(T, S)}. 
If S is regular, i.e. all its cones are regular, r = {vi, . . . , vi) and g = (wi + . . . + w;) then we call the star 
subdivision g ■ S regular. 

Proposition 2.3.4. (see |3^, |2^, |Q, -^e^ -''^s &e o- toric variety. There is a 1-1 correspondence 

between subdivisions of the fan S and proper toric morphisms X^' • D 



Remark. Regular star subdivisions from 2.3.3 correspond to blow-ups of smooth varieties at closures of orbits 
(|56|, pst). Arbitrary star subdivisions correspond to blow-ups of some ideals associated to valuations (see 



Lemma 5.2.. 



2.4. Toric varieties with F-action. In further considerations let F denote any algebraic subgroup of an 
algebraic torus T = K* x . . . x K*. By A"/F and X/ /T we denote respectively geometric and good quotients. 
If F acts on an algebraic variety X and x (z X is a closed point, then F^, denotes the isotropy group of x. 

Definition 2.4.1. Let F act on X^ D T via a group homomomorphism F ^ T. Set 

To- '■— {.g G F I g{x) — X for any x G Oo-}. 

We shall write 

cr = cr'©^ (ei,... , e^) 

ii a — a' (B (ei, . . . , e^), (ei, . . . , Ck) is regular and T„ — T^i . We say that a is T -indecomposable if it cannot 
be represented as ct = cr' (B^ (ei, . . . ,efc} (or equivalently X^ is not of the form X^' x A'^ with F^. acting 
trivially on A'^). By 

sing^ (cr) 

we mean the maximal F-indecomposable face of a. 

If F acts on a toric vatiety via a group homomomorphism F ^ T we shall speak of a toric action of F. 

2.5. Demushkin's Theorem. For any algebraic variety X and its (in general nonclosed) point x G X we 
denote by Ox,x the completion of the local ring Ox,x at the maximal ideal of x. We also set 

X^ := Spec(Ojf,,). 

For the afhne toric variety X^ define 

X„ := Spec(ax.,oJ- 
We shall use the following Theorem of Dcmushkin ( ) : 

Theorem 2.5.1. Let a and r be two cones of maximal dimension in isomorphic lattices — Nr. 
Then the following conditions are equivalent: 

1. cr ~ T. 

2 . Xq- — Xf . 



Proof. For the proof see |22(] or the proof of 4.6.1. □ 



The above theorem can be formulated for affine toric varieties with F-action. 

Theorem 2.5.2. Let a and t be two cones of maximal dimension in isomorphic lattices N„ ~ Nt- Let F 
act on X„ D T„ and on X^ D T^ via group homomorpisms F ^ To- and T T^. 

Then the following conditions are equivalent: 
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1. There exists an isomorphism of cones a t inducing a T-equivariant isomorphism of toric varieties. 

2. There exists a T-equivariant isomorphism ~ Xt- 



Proof. For the proof see the proof of 4.6.1 or [E3| . □ 



Definition 2.5.3. Let F act on X^ D T^ and on Xr D Tr via group homomorpisnis T ^ T^ and T ^ Tr- 

We say that cones a and r are T -isomorphic if there exists an isomorphism of cones a c:^ t inducing a 
F-equivariant isomorphism of toric varieties. 

The above theorem can be formulated as follows: 

Theorem 2.5.4. Let a and t be two cones in isomorphic lattices — Nt- Let F act on X^ D T^ and on 

Xr D Tt via group homomorpisms T ^ T^ and F — > T^-. Assume that Ta = F,-. 
Then the following conditions are equivalent: 

1. sing'"(cr) and sing'"(r) are -isomorphic. 

2. For any closed points Xa G Oo- and Xr £ Or, there exists a T„-equivariant isomorphism of the local 
rings Ox^,x„ and Ox^,x^- 

3. For any closed points x„ e and Xr G Or, there exists a T „-equivariant isomorphism of the comple- 
tions of the local rings Ox^ and Ox^ .x^ ■ 

Proof. (1) => (2) Write a — sing^(CT) (B^ i{a) and r ~ sing^(T) r(T), where r(cr), y{t) denote regular 



cones. By Lemma |2.2.4 X„ = Xg_ x O^ ~ -'^singr'(CT) x Xi{a) x O^, where F^- acts trivially on X^(^„-j x O^- 
Thus there exists a Fcr-equivariant isomorphism Ox^,x^ — Cx,. r( jxjsr^/^^j, where r'((T) is a regular cone of 

dimensiondim(A^o^)—dim(sing^(cr)) and Fo- acts trivially on Analogously Ox^.k^ — Ox^^^^^r,^) xx,,,^, — 



Ox. r, ,xX,.,,„, —Ox„,x„ 

sing^ (cr) 1 (c^) IT , (T 



The implication (2) (3) is trivial. For the proof of (3) ^ (1) we find a regular cone re{a) in N^- 
such that cr' := ct © re(<T) is of maximal dimension in N^. Since F^. acts trivially on O^ and on Or we 



have a' := a © " re((T). Analogously r' := r ©^ re(T). By Theorem 2.5.2, a' and r' are FCT-isomorphic. 
Consequently, sing'" (cr) = sing'"" (cr') ~ sing''^(T') — sing'"(T). □ 



Theorem ^.5.4 allows us to assign a singularity type to any closed point x of a toric variety X with a toric 



action of the group F: 

Definition 2.5.5. By the singularity type of a point x of a toric variety X we mean the function 

sing(a;) := sing(cra;) , 

where ax is a cone of maximal dimension such that X^ — X^^ . 

By the singularity type of a point a; of a toric variety X with a toric action of group F we mean 

sing^(a;) := (F^, sing^" (g^) ), 

where cr^, is a cone of maximal dimension with toric action of F^; on X^^ and such that there exists a 
Fa;-equivariant isomorphism X^ — Xa-^ ■ 

3. Stratified toric varieties and semifans 

3.1. Definition of a stratified toric variety. In this section, we give a combinatorial description of 
stratified toric varieties in terms of so called (embedded) semifans. 

Definition 3.1.1. Let AT be a noetherian scheme X over Spec (if). A stratification of A is a decomposition 
of A into a finite collection S of pairwise disjoint locally closed irreducible smooth subschemes s C A, called 
strata, with the following property: For every s £ S, the closure s C A is a union of strata. 

Definition 3.1.2. Let S and S" be two stratifications of A. We say that 5 is finer than S" if any stratum 
in S' is a union of strata in S. In this case we shall also call S' coarser than S. 



Definition 3.1.3. Let A be a toric variety with big torus T C A. A toric stratification of A is a stratification 
5 of A consisting of T-invariant strata s such that for any two closed points x,x' £ s their local rings Ox,x 
and Ox.x' are isomorphic. 
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Definition 3.1.4. Let X be a toric variety with a toric action of T. We say that a toric stratification 5* of 
X is compatible with the action of T if 

1. All points in the same stratum s have the same isotropy group Tg. 

2. For any two closed points x, y from one stratum s there exists a Fs-equivariant isomorphism a : —>■ 
Xy, preserving all strata. 

If 5 is a toric stratification of X, then we shall also speak of a stratified toric variety (X, S). If X is a 
toric variety with a toric stratification , compatible with F, then we shall also speak of a T-stratified toric 
variety (X, S). 

The combinatorial objects we shall use in this context are the following: 

Definition 3.1.5. An embedded semifan is a subset 57 C S of a fan S in a lattice N such that for every 
(7 G I] there is an Lu{a) G il satisfying 

1. u}{cr) :< a and any other uj £ fl with w ^ cr is a face of w{o^), 

2. a ~ ti'(cr) © r(tT) for some regular cone r(cr) e S. 

A semifan in a lattice iV is a set il of cones in N such that the set E of all faces of the cones of 57 is a fan 
in N and 51 C S is an embedded semifan. 



Definition 3.1.6. An embedded semifan 51 C S with a toric action of F on will be called an embedded 
T-semifan if for every a € 1^, a — uj{a) Q)^ ^((j). 

Remark. A semifan or an embedded semifan can be viewed as a F-semifan or an embedded F-semifan with 
trivial group F. 

Some examples are discussed at the end of this section. The main statement of this section says that 
stratified toric varieties are described by embedded semifans; 



Proposition 3.1.7. Let S be a fan in a lattice N, and let X denote the associated toric variety with a toric 
action o/F. There is a canonical 1-1 correspondence between the toric stratifications of X compatible withn 
the action ofT and the embedded T-semifans 51 C S.' 

1. If S is a toric stratification of X , compatible with the action o/F, then the corresponding embedded 
T-semifan 51 C S consists of all those cones G S that describe the big orbit of some stratum s £ S . 

2. If n d T, is an embedded T-semifan, then the strata of the associated toric stratification S of X arise 
from the cones of 51 via 

uj strat(aj) := Ocr- 

Lj{a)—cj 

Proof. (1) =^ (2) Since strata of S are T-invariant and disjoint, each orbit Ot belongs to a unique stratum 
s. Let w G 51 describe the big open orbit of s. Then Or is contained in the closure of O^. Hence cj is a face 
of T. By Definition de: embedded, F,- — T^^ and there exists a FT--equivariant isomorphism of the local rings 
Oxr,x and Ox^,y of two points x G Or and y G O^j- By Theorem [2.5.4 and since sing'"(T) D sing'" (a;), we 



infer that sing'^ (r) = sing^ (lu). Hence lo — sing'"((jj) t^uj) and r = sing^ (r) Q)^ r(r) = uj (B^ r'(r), where 
r(r) = © t'{t). 

(2) ^ (1). By definition {a G S | uj{a) = to)} = Star(cj, E) \ U^^^'en Star(w', E). Hence all the defined 
subsets strat(a;) are locally closed. The closure of each subset strat(w) corresponds to Star(a;, S) and hence 
it is a union of the sets strat(a;'), where uj ■< to' . Since t = lo®^ t{t) we have F,- = F^^. Each subset strat(w) 
is a toric variety with a fan S' := { ^iin'('tj""' = ^} {N'^)' := A^'5/lin(w). Since t = Ci;©'"r(T) the cone 
"^iin(!j""' isomorphic to the regular cone i{t) in {N'^)' . Thus the strata strat(a;) is smooth. The local rings 
of closed points of the the strata strat(a;) have the same isotropy group F^^. Moreover if Or C strat(Li;) then 
sing^(r) = sing'"(ci;). By Theorem 2.5.4 , we conclude that there exists a F-equivariant isomorphism of the 



local rings of any two points x G Or and y G O^. □ 
As a corollary from the above we obtain the following lemmas: 



Lemma 3.1.8. strat(Li;) = strat(w) \ (J^,^^ strat(a;'). □ 
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Lemma 3.1.9. Let Si and S2 be two toric stratifications on a toric variety X corresponding to two embedded 
semijans C S. Then Si is coarser than S2 iff ^i C • 

Proof Assume that Si is coarser than 6*2. Let e i7i be the cone corresponding to a stratum si ^ Si. 
The closure sT is a union of strata in 82- There is a generic stratum S2 € 5*2 contained in sT. Then sT = S2 
and uj £ Q2 corresponds to the stratum 82- 

Now assume that fli C fl2- Then the closure of any stratum si equals sT = ZUi, where lui e ili is the 
cone corresponding to si. But then tUT — 'S2, where S2 G S2 is the stratum corresponding to uJi E il2- Thus 



si = S2 and it suffices to apply Lemma 3.1.8. □ 



Remark. Let {X, S) be the stratified toric variety arising from a semifan C S. The above correspondence 
between the cones of fl and the strata of S is order reversing in the sense that w ^ w' iff strat(a;') is contained 
in the closure of strat(w). 



Lemma 3.1.10. Let Q CY, be an embedded T-semifan. Then all T -indecomposable faces of Y, are in f2. 

Proof. For a F-indecomposable face a write a — Lo{a) (B^ r((7). This implies a ~ (^(c) G i^- □ 

We conclude the section with some examples. The first two examples show that for any fan there are a 
maximal and a minimal embedded semifan. 

Example 3.1.11. If S is a fan in a lattice iV, then S C S is an embedded semifan. The corresponding 
stratification of the toric variety X associated to S is the decomposition of X into the orbits of the big torus 
T C X. The orbit stratification is the finest among all toric stratifications of X. 



Example 3.1.12. For a fan E in a lattice N and a toric action of F on X-^ let Sing'"(E) denote the set of 
all maximal indecomposable parts sing^((T), where G S. Then Sing'"(I]) C S is an embedded F-semifan, 
and for any other embedded F-semifan f2 C S one has Sing'"(E) C fl. The toric stratification corresponding 
to Sing'"(I]) C S is the stratification by singularity type on the toric variety X^: with the toric action of F. 
The toric stratification corresponding to Sing(E) C S is the coarsest among all toric stratifications of X. 
The toric stratification corresponding to Sing'"(I]) C S is the coarsest among all toric stratifications of X 
which are compatible with the action of F. 



Example 3.1.13. Let D K* x K* he a, toric variety with the strata sq := {(0,0)}, si :— K* x {0}, and 
S2 ■= \ (sq U Si). Then A^ with the above stratification is a stratified toric variety. 

We have ao = ((1, 0), (0, 1)), ai = ((0, 1)), ^2 = {(0, 0)}, 

- {((1, 0), (0, 1))}, or = {((0, 1))}, - {(0, 0)}, ((1, 0))}. 

4. Stratified toroidal varieties 
4.1. Definition of a stratified toroidal variety. 

Definition 4.1.1. (see also |2^). Let X be a variety or a noetherian scheme over K. X is called toroidal 
if for any x £ X there exists an open affine neighborhood Ux and an etale morphism (j)x '■ Ux X^,^ into 
some affine toric variety X„^ . 

Definition 4.1.2. Let F act on noetherian schemes X and Y . We say that a F-equivariant morphism 
f -.Y ^ X \s T-smooth (resp. T-etale) if there is a smooth (resp. etale) morphism f : Y' ^ X' of varieties 
with trivial action of F and F-equivariant fiber square 

X Xx'Y' ~ Y ^ X 
i ^ i 
Y' 4 X' 

Lemma 4.1.3. Let Y ^ X be a T-smooth morphism. Lf the good quotient X/ /T exists then Y/ /T exists 
andY = Y/ /T XX//T X. 
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Proof. Let yo ■■=¥' Xx X//T. Then Y = Yq Xx//r X and Yf/T = Yq. □ 

Definition 4.1.4. Let X be a toroidal variety or a toroidal scheme. We say that an action of a group F 
on X is toroidal if for any x (z X there exists an open F-invariant neighborhood U and a F-equivariant, 
F^j-smooth, morphism U X^ , into a toric variety X^ with a toric action of F D F^; . 

Definition 4.1.5. Let X be a toroidal variety or a toroidal scheme. We say that a stratification 5 of X 
is toroidal if any point a: in a stratum s € S admits an open neighborhood and an etale morphism 
4>x '■ Ux X„ into a stratified toric variety such that sC\Ux equals 4'^^{0a) and the intersections s' n U , 
s' £ S*, are precisely the inverse images of strata in X^. 

Definition 4.1.6. Let X be toroidal variety or a toroidal scheme with a toroidal action of F. A toroidal 
stratification S* of X is said to be compatible with the action of F if 

1. Strata of S are invariant with respect to the action of F. 

2. All points in one stratum s have the same isotropy group F^. 

3. For any point a; G s there exists a F-invariant neighborhood U and a F-equivariant, F^-smooth mor- 
phism U Xa into a F-stratified toric variety, such that s n C/^ equals 4)~^{0a) and the intersections 
s' nU, s' ^ S, are precisely the inverse images of strata in X^- 

If X is a toroidal variety or a toroidal scheme with a toroidal stratification S then we shall speak of a 
stratified toroidal variety (resp. a stratified toroidal scheme). If X is a toroidal variety or a toroidal scheme 
with a toroidal action of F and a toroidal stratification S compatible with the action of F then we shall speak 
of a T-stratified toroidal variety (resp. T -stratified toroidal scheme). 

If {X, S) is a F-stratified toroidal variety then for any stratum s e S" set F^ := F^;, where x e s. Note 
that if s < s' then F^ C Fy . 

Remark. A stratified toroidal variety can be considered as a F-stratified toroidal variety with trivial action 
of the trivial group F — {e}. 



A simple generalization of Example 3.1.12 is the following lemma: 



Lemma 4.1.7. Let X he a toroidal variety with a toroidal action of T . Let Sing'"(X) he the stratification 



determined by the singularity type sing (x) (see Definition 2.5.5) . Then Sing (X) is a toroidal stratification 



compatible with the action ofT. □ 

Definition 4.1.8. (see also [^). A toroidal embedding is a stratified toroidal variety such that any point p in 
a stratum s (z S admits an open neighborhood Up and an etale m orphism of stratified varieties (jjp : Up ^ X^ 
into a toric variety with orbit stratification (see Example ^.l.ll| ). 

A toroidal embedding with F-action is a F-stratified toroidal variety which is a toroidal embedding. 



Remark. The definition of a toroidal embedding differs from the original definition in |39 . It is equivalent 



to the definition of a toroidal embedding without self- intersections (see Section 1.1) 



4.2. Existence of invariant stratifications on smooth varieties with F-action. 

Lemma 4.2.1. 1. Let X he a smooth variety with T-action. Then there exists a toroidal stratification 
Sing'"(A') of X which is compatible with the action ofT. 
2. Let X be a smooth variety with T-action and D he a T -invariant divisor with simple normal crossings. 
Let Sd be the stratification determined by the components of the divisor D. Set 

singr'^(x) (singr(x),D(a)), 

where D[x) is the set of components of D passing through x ^ X 

Then sing'"'^ determines a toroidal stratification Sing {X,D) compatible with the action ofT. In 
particular all the closures of strata from Sing {X,D) have normal crossings with components of D. 

Proof. For any x we can find F-semiinvariant parameters ui, . . . ,Uk describing the orbit F • x in some 
F-invarinat neighborhood Ux of x. 

Additionally in (2) we require that each component of D through x ^ X is described by one of the 
parameters in Ux. We define a smooth morphism (j)x '■ Ux A.^ by (pxiy) — {ui{y), . ■ . , Uk{y)). The action 
of F on X defines the action of F on A*^' with standard coordinates be F-semiinvariant with corresponding 
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weights. Then Sing'"(A'^, D^), where — 4){D), defines a F-hivariant stratification on A*^, whose strata 
are determined by standard coordinates. Therefore Sing'"(X, D) is also a stratification on X which is locally 
a pull-back of Sing^(A''', L*^). 

The morphism (px is F-equivariant. Denote by ui, . . . ... all local r2:-semiinvariant parameters 

at X. Let (j)x ■ Ux ^ A" be the etale Fj^-equivariant morphism defined by 4>xiy) '■— {ui{y), ■ ■ ■ By 
Luna's fundamental lemma (see Luna |Q) wc can find a Faj-invariant neighborhood C/^ C Ux for which the 
induced quotient morphism 4>x/^x ■ U'x/ /F^, A"/ /F^ is etale and C/^ ~ U'x/ /Tx XA"//r^ A". By Sumihiro 
[ |67| we can find a F-invariant open affinc V C T ■ U' such that V ^ V/ /Tx 'Xv//r^ A". Let p : A" A*^ 
denote the standard projection on the first coordinates. Then pipx ■ V is a F-equivariant Fa;-smooth 

morphism. By definition {X ^Sva^ {X , D)) is a F-stratified toroidal variety. □ 

4.3. Conical semicomplexes. Here we generalize the notion of a semifan. For this we first have to figure 
out those semifans that describe affine stratified toric varieties. In analogy to usual cones and fans we shall 
denote them by small Greek letters cr, r, etc.: 

Definition. Let TV be a lattice. A semicone in iV is a semifan cr in iV such that the support \cr\ of a 
occurs as an element of a. 

The dimension of a semicone is the dimension of its support. Moreover, for an injection i: N —>■ N' oi 
lattices, the image t{a) of a semicone cr in is the semicone consisting of the images of all the elements of 
a. 

Note that every cone becomes a semicone by replacing it with the set of all its faces. Moreover, every 
semifan is a union of maximal semicones. Generalizing this observation, we build up semicomplexes from 
semicones: 

Definition 4.3.1. Let S be a finite collection of semicones a in lattices with dim(CT) — dim(A^o-)- 
Moreover, suppose that there is a partial ordering "<" on S. 

We call S a semicomplex if for any pair r < u in E there is an associated linear injection : —>■ 
such that t'^{Nr) C N„ is a saturated sublattice and 

2. ^^(|^?|) = z?(|r|) implies g = T, 

3. ^ = U.<.*?(M)=U<.*?(r). 

As a special case of the above notion, we recover back the notion of a (conical) complex introduced by 
Kempf, Knudsen, Mumford and Saint-Donat: 

Definition 4.3.2. A complex is a semicomplex S such that every cr e S is a fan. 

Definition 4.3.3. A semicomplex S is called a T -semicomplex if there is a collection of algebraic groups 
T„ <ZT„, where cr G E, such that 

1. Each cr £ E is a F(j-semicone. 

2. For any t < cr. Ft- C Fg- and the morphism induces a FT--equivariant morphism Xt X^. Moreover 

Tr = (ro-)r = {g e Fcr I CJX = X,X ^ Or}- 

Remarks. 1. Each semicomplex can be considered as a F-semicomplex with trivial groups F^^ 

2. From now on we shall often identify vectors of a with their images under if r < cr, and simplify the 
notation replacing i'^ with set-theoretic inclusions. 

3. In what follows we shall write a < a' means that a is a face of the cone cr', while cr < cr' to mean that 
cr is a face of the semicone a' . 

4. In the case when E is a conical complex the relations < and ^ coincide. 

5. Note that cones in a semicomplex intersect along a union of common faces. 

Denote by Aut (cr) the group of automorphisms of the F^-semicone cr. 

Lemma 4.3.4. For any T -semicomplex E and any g < t < a in T,, there is an automorphism 
ag e Aut(£i) such that i"^ o i'^ = I'^ag. 
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Proof. By definition, the maps 
ilig). Thus a, := {i1)-\%oil. 



and are both linear isomorphisms of g onto the image i'^ o i^{q) 



□ 



Remarks. 1. It follows from Lemma 4.3.4 that vectors in a are in general defined up to automorphisms 
from Aut(CT). Hence the notion of support of a semicomplex as a topological space which is the totality 
of such vectors is not well defined. However if we consider, for instance, vectors invariant under all 
such automorphisms then the relevant topological space can be constructed (see notion of stable support 
and plays the key role for semicomplexes and their subdivisions. 



6.1.1 



In further considerations we shall introduce the notion of oriented semicomplex (see Definition 4.11.1 ) 
which allows a smaller group of automorphisms Aut(a)*' C Aut(a). Consequently, the corresponding 
stable support of an oriented semicomplex is essentially larger. This allows one to perform more 
subdivisions and carry out certain important birational transformations. 



Lemma 4.3.5. A T-semifan Yi in N determines a T -semicomplex YT''^'^^'^ where each cone cr £ E determines 
the semicone consisting of all faces t < a and Tr = {g G T \ gx = x, x G Or}- O 

Definition 4.3.6. By an isomorphism of two F-semicomplexes E — s- E' we mean a face bijection Y, 3 a i-^ 
a' G E' such that V„ ~ To-', along with a collection of face ro--isomorphisms j„ : a a' , such that for any 
T < (T, there is a F,-- automorphism /3t- of r such that = I'^ijrPr- 



4.4. Inverse systems of affine algebraic groups. 

Definition 4.4.1. By an affine proalgebraic group we mean an affine group scheme that is the limit of an 

inverse system (G'i)igN of affine algebraic groups and algebraic group homomorphisms 4>ij : Gi — > Gj, for 
3 > «• 

Lemma 4.4.2. Consider the natural morphism : G ^ Gi. Then Hi := 4>i{G) is an algebraic subgroup of 
Gi , all induced morphisms Hj —>■ Hi for i < j are epimorphisms and G = lim^ Gi = lim^ Hi . In particular 
K[H,] C K[H,+{\ and K[G] =[}K[H,]. 

Proof. The set H[ :— nj>i 't>ji{Gj) is an intersection of algebraic subgroups of Gi. Hence it is an algebraic 
subgroup of Gi. Note that the induced homomorphisms : iJj H[ are epimorphisms and that G = 
lim^ Gj = hm^ H[. Consequently, (j)^{G) ^ H, ^ H[. □ 

Lemma 4.4.3. The set G^ of K -rational points of G is an abstract group which is the inverse limit G^ = 
lim^ G^ in the category of abstract groups. 

Proof. By the previous lemma we can assume all morphisms Gi —^ Gj to be epimorphisms. Any K- 
rational point x in G is mapped to _R'-rational points Xi in Gi. This gives an abstract group homomorphism 
(/) : G^ ^ hm_ Gf. We also have K[G] = \jK[Gi]. We have to show that any point x of lim^ Gf 
determines a unique point y in G^ . The point x determines a sequence of maximal ideals nii G K[Gi] such 
that rui C TOi+i. Let m := [jnii. Then m fl if[Gi] = rui. Let / G -ft^[G]. Then / e K[Gi] for some i and 
f — k € rui for some k G K. Hence f G k -\- m, which means that K[G]/m — K. The ideal m defines a 
i^T-rational point y on G^ which is mapped to x. Note that the point y is unique since there is a unique 
ideal m for which ni n i^[Gi] = nii . □ 

By abuse of notation we shall identify G with G^^. 



4.5. Group of automophisms of the completion of a local ring. Let X he a, stratified noetherian 
scheme over Spec(/'ir). Let S denote the stratification and x G X he a closed if-rational point. Let Ox,x 
denote the completion of the local ring of x on the scheme X. Let ui, . . .u^ G Ox,x generate the maximal 
ideal nix^x C Ox.x- Then Ox,x = K\\ui, . . . where / is the defining ideal. Set X^ := Spec(C'x,z:) 

and Xi"^ := Svec{0 x ,x / ml+^) for n G N. 

Let Aut(A'j,, S) (respectively Aut(A'i:"'', S)) denote the automorphism group of X,j. (resp. X^^) preserving 
all closures s 3 a; of strata s G S. (resp. preserving all subschemes 
Spec(Ox,./(/^+ m^+i)), for aU s G S) 
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If r acts on X denote by Kni^ {X^, S) (respectively AxA^ {Xx^\ S)) the group of all r^j-equivariant atom- 
orphisms of {Xx,S) (resp. {x'^\s)). 

In further considerations set G A\it{Xx, S) (resp. G :— AvdF (X^, S)) in the case of the action of F, 
and G„ := Aut(xl"\S') (resp. G„ Aut^ {xi''\ S)). 

(n) 

Lemma 4.5.1. 1. Gn is an algebraic group acting on Xx - That is there exists a co-action 
defining the action morphism 

and an action automorphism '^n 7r„ x $„ : G„ x X*^") — > G„ x X*^"^ 
where iTn is the projection on Gn- 

2. The Gn form an inverse system of algebraic groups and G = lim^ G„ is a proalgehraic group. 

3. The co-actions in (1) define a ring homomorphism : Ox,x ~* K[G][[Ox.x]] 
and a formal action morphism $ : GxXx := Spec if [G] [[Ox, k]] — ^ Xx 

such that for any g G G^ the restriction ^^^gj^x , ■ {9}'>^^x ^ Xx is given by the action of g. 

4. The automorphisms '^n of X^"^^ define a formal action automorphism 'J of 

GxX^r = lim^G X 

such that for any g G G^ the restriction '^^^gj^x • {s}^^^ ^ {ffl^-^x is the automorphism given 
by the action of g. 

5. Let ui, . . . ,Uk denote the local parameters on Xx- There exist regular functions gap generating K[G\ 
such that the action is given by i-^ gapu^ , where a, /? G Z"q are multiindices. 

Proof. (1) Write if [X:^"'] ^ K[ui, . . . , Ufc]/(/ + m^+i). Set W := K[ui, . . . , itfc]/(TO^+i), 
/" := (/ + 7<+')/™"+\ Is ■■= {Is + m^+')/m^+\ 

Define the product W" x W" W" to be the bihnear map for which u"^ ■ u"^ = Set 

Hn := {g e G1(W^") | g{u^^ ■ u"^) = g{u^^) ■ g{u"^)}. 
Hn is an algebraic subgroup of G1(VF"). Then 

G„ = {g e il" I g{r) = .g(/,") = for aU s E S, ga = ag for aU a e Fx} 

is algebraic. The embedding G„ C G1(VF") determines the natural co-action i4r[M^"] K[Gn] O K[Wn], 

which factors to K[xi"''] K[Gn] ® K[xi"-^]. 

(2) If the morphism xi^"-* ^ Xx"'^^-' commutes with automorphisms ,i.e. if $ is an automorphism of 

then $|x(„) : ^ C xi"^^'^ is an automorphism of X^"). This defines the morphisms 

Aut{X^+\S) ^ Ant{xi''\ S). 

The A'-rational points of the proalgebraic group G = lim^ G„ can be identified, by Lemma 4.4.3, with 
(ra;-equivariant) automorphisms of Xx preserving strata. 

(3) The morphisms dx^x ^ K[Gn][[Ox,x]]/m^x ^ K[G][[Ox,x]]/m2x determine 

dx,x lim_ K[G][[dx^x]]/fn2^x 

(4) and (5) follow from (1) □ 

Lemma 4.5.2. Let G — lim^ Gi be a connected proalgebraic group acting on Xx- Let : GxXx — > Xx 
be the action morphism and tt : GxXx Xx be the standard projection. Then for any ideal I on Xx the 
following conditions are eguivalent: 

9 I is invariant with respect to the action of the abstract group G^ 

• $*(/) = TT*{I) 

Proof. It suffices to prove the equivalence of the conditions for any scheme xi"^ and ideal In ~ I ■ K[Xx"^]. 
In this situation the assertion reduces to the well known case of an algebraic action of G„ on xi"\ If 
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$*(/„) = 7r*(/) then for any g £ and / G /„, we have 5 • / = $;(/) £ 7r;(/„) = /„. Thus /„ is 
G^-invariant. 

Now suppose /„ is G^-invariant. Let $*(/) = J2 fi9i for / £ In- We can assume that gi e ii'[G„] are 
hnearly independent. Hence we can find elements 5* G G^ such that Vi := {gi{g^), . . . ,gi{g'')) are linearly 
independent vectors for i = 1, . . . , Z. Then we find coefficients aij such that ctii'^^j = (0, • • • , f j, . . . ,0). 
Then /, = J2j hmig^) = Ej"»j(5^ • /*) e In- Thus for any f e In, $*(/) e 7r*(/„), which gives 
$*(/) C 7r*(/). 

Denote by inv the automorphism of GxX^ induced by taking the inverse g 1— > g~^- Then tt*{I) = 
c ^'-i*7r*(/) = **inv*7r*(/) = ^'*7r*(/) = $*(/). □ 

Let L denote an algebraically closed field containing K. Set 

X Spec K Spec L, 
:= limX^")^ = Speci[[Ox.x]] 

Let Autl{xi''^^,S) denote the group of Fj^-equi variant L-automorphisms of xi:"^^ preserving the relevant 
ideals of strata and G := AutL(Xj', S") denote the group of L- automorphisms of X^. 

Lemma 4.5.3. 1. Aut£(xi"^^, 5) = Aut5^(xi"\ 5)) xgpcci^ Speci. 

2. Aut^;(Xf ,5) = Aut^(X,,5) X 

SpocK SpecL. 

3. Let G C AntxiXx, S) be a proalgebraic subgroup. An ideal I C Ox,x is G-invariant iff I ■ L[[Ox,x\] is 
G XspccK Spec L- invariant. □ 

Proof. (1) and (2) follow from the construction of Aut^ (Xa; , S') . 

(3)(^) It follows from Lemma that / C Ox^x is G-invariant iff $*(/) = 7r*(/) or = 

^*//+m^N j^g^ ^ |-|g pull-backs of the morphisms ^E" and tt^ under SpccL Specif. Then 

■ = t:^*C-^ ■ L) d L®k Ox.xhK^ which shows , by Lemma [iX^ , that / • L^Ox.x"^ is 
G X Spec if SpecL-invariant. 

Assume the latter holds then ^^*{p^ - L) = 7r^*(^^±^ -L)(iL®k dx,x/ml^. Let Gal(L/X) be 
the Galois group of the extension K C L. Both homomorphisms tt^* and ^f^* are Gal(X/iir )-equivariant. 
Considering Gal(L/iir)-invariant elements gives ^*( ''^^™^ ) = 7r*(-^^^^^). □ 

Example 4.5.4. Let : Aut{Xx, S) Aut(xi"'', S) denote the natural morphisms. For n = 1 we get the 
differential mapping: 

d^(j)i ■.Aut{Xx,S) — >Aut{xi^\S) C Gl(Tanx,:,)). 



4.6. Proof of Demushkin's Theorem. In what follows we shall use the following generalization of The- 
orem 2.5.1. 

Lemma 4.6.1. Let a and t be two T-semicones in isomorphic lattices Ng- ~ Nt. 

Then there exists a T-equivariant isomorphism X^ ~ X,- preserving strata iff there exists an isomorphism 
of T-semicones a "^t. 

For a F-semicone tr in a lattice denote by Aut(X(j) the group of all F-equivariant automorphisms of 
Xa which preserve strata defined by faces of the F-semicone a. 

Lemma 4.6.2. (Demushkin p^ , also Gubeladze p^] j Let a and t be two T-semicones in isomorphic lattices 

1. The torus T^ associated to Xa determines a maximal torus in the proalgebraic group G :— Aut(Xo-). 

2. Let d : G Gl(Tanx„,o„) be the differential morphism as in Example 4-5-4- Then d{Ta) is a maximal 
torus in d{G). 

3. Any T-equivariant isomorphism (j) : X^ — Xr, preserving strata determines an action of the torus Tr 
on Xcr and a group embedding T^ ^ G. If d{Ta) — d{TT-) then T^ and Tr are conjugate in G. 

4. Any two tori T(j,Tr C G which are determined by (j), are conjugate in G. 
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Proof. (1) The torus T^j is maximal in G since its centralizer consists of Tcr-equivariant automorphisms of 
Xo-, preserving strata and therefore it coincides with (T^-equivariant automorphisms multiply characters 
by constants and are defined by elements of Tg.); (see also Step 4 in |22[). 



(2) By Lemma 4.4.2 we can write G = lim^ Gi, where all homomorphisms Gi — > Gj are epimorphisms. 
We show that the relevant images of Ta are maximal tori in all groups Gi. Otherwise we find maximal tori 
Ti C Gi containing the images of , such that lim^_ Ti is a maximal torus in G containing T„ as a proper 
subgroup (see Proposition 11.14(1)); (see also step 9 in [p2|). 

(3) Let T(j C G be the maximal torus associated to Xc- Let wi, . . . , be characters of Tu generating the 
maximal ideal of Oa and xi , . . . , Xfc be semiinvariant functions determined by the action of T„ , induced on the 
tangent space Tan^^ x„ • Characters of T„ define the natural Tcr-equivariant embedding (f)^ : X^j — > Tan^^ x„ 
into the tangent space induced by the ring epimorphism 0* : iir[[xi, . . . ,Xk\\ —> K[[ui, . . . sending Xi 
to Ui. The morphism 4>a- determines the isomorphism (j)^ : X^ —> (l)a{X„) preserving strata corresponding 
to the isomorphism : ii'[[a;i, . . . ^Xk\]/I K[[ui, . . . , Wfe]] where the ideal / is generated by all elements 
a;" — x^ where x'^jX^ are monomials on which acts with the same weights. 

If d{T„) = d{TT) then (j)„{X„) = (t)^{Xr) = Spec K[[xi, . . . ,Xk]]/I. Consequently, (3 :— (j)^^(j)rp^ is a 
Ta — (i(To- )-equivariant isomorphism Xa Xr preserving strata. It follows that (3 determines a conjugating 
automorphism with = f3Trf3^^. 

(4) By Borel's theorem (||l^) and (2), the tori d{T^) and ^(Tt-) are conjugate in d{G). Consequently, we 
can find a torus T conjugate to T^, and such that d{Tr) = d{T). By (3) Tr and T are conjugate. □ 



Proof of Lemma 4.6.1 . Let : X^r X^ be a F-equivariant isomorphism preserving strata. By Lemma 
4.6.2 there is a F-equivariant automorphism a of X^ for which To- = aTrCx.^^ . Then T„ acts on Xr as a big 
torus and the F-equivariant isomorphism (j) o : X^ —> Xr is Tcr-equivariant and preserves strata. Such 
an isomorphism yields an isomorphism of the associated F-semicones. □ 



4.7. Singularity type of nonclosed points. For a ring L and a cone a in denote by L[[(T^]] the 
completion of the ring i[cr^] at the ideal ma of Oa- 

Lemma 4.7.1. Let L be a ring containing K , and a and r he T-semicones in isomorphic lattices Na — Nr- 
Let ma-,mr denote the ideals of and Or respectively. The action o/F ok _ft'[[(T^]] and _R'[[r^]] induces an 
action on L[[cr^]] and L[[r^]] which is trivial on L. 

Any T-equivariant isomorphism (j) : L[[ct^]] ~ L[[r^]] for which (j){ma) = nir can be decomposed as 
(j) — 0001, where 0o is a T-equivariant automorphism of L[[t'^]] identical on monomials and (pi is a F- 
equivariant L-isomorphism. 

Proof. (1) The restriction of to L is a ring monomorphism 0i|i : L —^ i[[r^]]. This ring homomorphism 
can be extended to a ring homomorphism 0o : ^[[■''^]] ~* ^[[''"^]] by sending monomials identically to the 
same monomials, i.e. (poi^aer'-^ aaX°') — X^aGxv 4>o{o,a)x'^, where (poio^a) = S/Jer^ o-apx^ . Note that in the 
expression X^ogt^ 4>o(aa)x°' , the coefficient of is a finite sum since there are finitely many possibilities to 
express a as a' +(3 where a' ,(3 G . Thus the above expression defines a formal power series and consequently 
00 is a ring homomorphism. Then 0q|^ determines an automorphism 0i : L — > L[[r^]]/mT- = L. Let 02 
denote the automomorphism of L[[t^]] induced by the 0i and identical on monomials. The composition 
"0 = (j)2^4>o is a ring endomorphism which as a if-linear transformation can be written in the form -0 — id+p, 
where p{m^) C m^~^^. Such a linear transformation is invertible (with inverse id — p + p"^ — . . .), hence is 
a linear isomorphism and ring isomorphism. This implies that 0o is an automorphism and 0i := (pQ <p is an 
i-isomorphism. 

Note that the above morphisms are F-equivariant. □ 

The following is a generalization of the Demushkin Lemma. 

Lemma 4.7.2. Let a and t be T-semicones in isomorphic lattices — Nr, and L be a field containing K. 
Consider the induced action of T on L[[(t^]] and L[[t^]] which is trivial on L. There exists a T-equivariant 
isomorphism _L[[cr^]] ~ L[[t^]] over K, preserving strata iff a and t are T-isomorphic. 
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Proof. Denote by an isomorphism L[[ct^]] ~ L[[t^]]. By Lemma [4.7.l| , = 0o0ii where 0i is an 
L-isomorphism. Tcnsoring with the algebraic closure L oi L and taking completion determines an L- 



isomorphism (pi : L[[cr^]] ~ L[[r^]]. It suffices to apply Theorem 2.5.4 to the above L-isomorphism 

Note that the above isomorphisms are F-equi variant. □ 

This lemma allows us to extend the notion of singularity type to any nonclosed points on toric varieties 
Xa and even on some other toroidal schemes. 

Lemma 4.7.3. Let A be a subdivision of a and X/^ :— Xj\ Xx^ X„ be a toroidal scheme with an action of 
a group T C T^. Let p E Y = be a point which need not be closed. Set Tp := {g E T \ g{p) = p,g\K = 

1. Let Or,Y G Y denote the locally closed subscheme defined by a toric orbit Or C X/^, where r S A. 
Then Oq^.y — ^Ox[[z^]]; where Kq^ is the residue field of Or- 

2. There is a Tp-equivariant isomorphism Op^y ~ -/^^[[(Tp]], where Kp is the residue field of p and ap is a 

- p 

Ot,y E Y is the minimal orbit scheme containing p 



uniquely determined cone. Moreover sing^ (p) := (Fp, sing'"'' (cTp)) — sing'"(r) := (Ft-, sing'"^ (r)), where 



Proof. (1) Let X^^y ■= Xr xx„ X„ C Y. Then K[Xr,Y] = KIt""] ®if[^v] K[[cr'^]]. Let T.^ C T be the 
torus corresponding to the sublattice Nt := Nn\in{a). Then Tr acts on i4r[XT-_y] with nonnegative weights. 
Therefore the subring of Tr-invariant functions K[Xr,Y]'^^ in K[Xt,y] equals ^^[t-'"] [o-vnT-i-] -^[[f^ nr-*-]]. 
The ideal / — Iq^ y ^ K[Xt-^y] of the orbit is generated by all monomials with positive weights in the 
set cr^ + C = © and consequently it is generated by \ {0}. Thus K[Xr^Y]'^^ ^ K[Or^Y] and 
lim^ K[Xr,Y]/l'' ^ K[Or,Y][ky]]. This gives K[Yo^^^] if(0.,y)[[T^]]. 

(2) Let Ot,y G y be the minimal orbit scheme containing p. First we prove that Fq^ — Fp. We have the 
obvious inclusion Fq^ C Fp. Now if g E Tp then for any / E K[Or], [g{f) — f) E Ip, where Ip C if [Or] 
describes p. Since Fp — Tp' for any p' E T ■ p, it follows that {g{f) — /) G HheT h- Ip — {0}. 

The ideal Ip C Op o^ of p is generated by local parameters ui, . . . Then there are Fp-equivariant 
isomorphisms Op^o, - Kp[[ui, ■ • . and Op^y ~ Kp[[ui, ■ . ■ ,u/]][[t^]] Kp[[{T®'^p (ei, . . . ,e/))^]] where 
Op,Or = Ol\. Therefore tXp = r 0^" (d, . . . , ej) and sing^(crp) = sing^"(T). □ 



By Lemmas 4.7.2 and by 4.7.3 the singularity type of a nonclosed point p, sing(p) := sing(fTp) (resp. 
sing^''(p) := (Fp, sing'"'' ((Tp)), is uniquely determined. Moreover singularity type determines a stratification 
Sing(y) (resp. Sing'"(F)) on Y such that all points in the same stratum have the same singularity type. 
This yields 

Lemma 4.7.4. Let F act on Xa := ^a Xx„ X„ There is a stratification Sing'"(XA) of Xa which is 
determined by singularity type and therefore preserved by any T-equivariant automorphism of X/^. □ 



4.8. Semicomplex associated to a stratified toroidal variety. For a F-semicone a we denote by X^- 
the associated stratified toric variety. 

Definition 4.8.1. Let {X, S) be a F-stratified toroidal variety. We say that a semicomplex S is associated 
to {X, S) if there is a bijection S ^ 5 with the following properties: Let ct G S map to s = stratx(cr) E S. 
Then any x E s admits an open F-invariant neighborhood Ua C X and a F-equivariant F^-smooth morphism 
: Ua ^ Xa of stratified varieties such that s n C/ equals (j)~^{Oa) and the intersections s' DU, s' E S, are 
precisely the inverse images of the strata of X^ and the action of F on X^ extends the action of F^. 

We call the smooth morphisms Ua- —>■ X^ from the above definition charts. A collection of charts satisfying 
the conditions from the above definition is called an atlas. 

Remarks. 1. Different (X^S) may have the same associated semicomplex S. Smooth varieties endowed 
with the trivial stratification have the associated semicomplex consisting of one zero cone. 
2. The action of Tg = Ta is fixed for a while the action of F on Xa depends upon charts. 

Lemma 4.8.2. For any T-stratified toroidal variety {X,S) there exists a unique (up to isomorphism) asso- 
ciated T -semicomplex S. Moreover t < a iff stratjf (t) D stratxicr). {X, S) is a toroidal embedding iff E is 
a complex. 
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Proof First we assign to any stratum s a semicone a. 



By Definition 4.1.5 there is a Fs-smooth morphism : Ua ^ into a stratifed toric variety (Xg-, Sa) 
preserving strata. Note that T a acts triviaUy on Oa . So we can assume that cr = a; is of maximal dimension 
in Na by composing 0, if necessary, with a suitable projection. 

We define the F^-semicone a to be the Fs-semifan associated to the Fg-stratified toric variety {X„^ S^)- 

Then there is an open subset U of intersecting s and a F^-etale morphism (p := <j)„ 'k : U —>■ 
Xc X a''" = X-r preserving strata, where r = cr x (ei, . . . , e(ji,n(s)): -0 : J7 — > A'^ is a morphism defined 
by local parameters ui, . . . on s. The stratification of Xr is defined by the embedded semifan a C t, 
consisting of the faces of the semicone a in the lattice Nr- Then (j) : X^ Xr is a Fg-equivariant isomorphism 



preserving strata. By Lemma 4.6.1 the embedded Fs-semifan a C t and the Fs-semicone a are determined 
uniquely up to isomorphism. We write s = strata (cr) and define F^ Fg. 

Assume that the closure of a stratum s = stratx(cr) contains a stratum t — strata (t). Let pr '■ Ut ^ Xr 
denote a chart associated with r. Then the stratum sr\Ur and the strata of Ur having sHUr in their closure 
determine a semicone Ug C r. It follows from the uniqueness of cr that there is a saturated embedding i J of 
the semicone a into the semicone r with the image i^l''') = '^s- Then we shall write cr < r. 

The F-semicomplex S is defined as the collection of the Fcr-semicones a, and the saturated face inclusions 

for cr < r. 

Now let S and S' be two semicomplexes associated to (X, S) . By uniqueness there are isomorphisms of 
semicones : cr — > cr' (see Definition 4.3.6| ). These isomorphisms induce an isomorphism of semicomplexes. 



The second part follows from the fact that locally toroidal embeddings correspond to fans consisting of 
all faces of some cone. 

□ 

Lemma 4.8.3. Let {Xy.,S) he a T-stratified toric variety corresponding to an embedded T -semifan C S. 
Then [X-^^S) is a T-stratified toroidal variety with the associated T-semicomplex fi*'™"'^. 

There is an atlas 

W''{Xt.,s)=u{i:,vi) 

on (Xs, S) defined as follows: For any a in N such that a;(cr) = u in there is a chart (pa : X„ X^ 
given by any projection -k^ : a ^ lo such that tt^i^ = '\d\uj- 



Proof. Follows from Proposition 3.1.7| and from the definition of the associated semicomplex. □ 



4.9. Local properties of orientation. 

Definition 4.9.1. We shall call a proalgebraic group G connected if it is a connected afhne scheme. For any 
proalgebraic group G = lim^ G;, denote by G^ its maximal connected proalgebraic subgroup G'' = lim^ G^. 



Lemma 4.9.2. G = lim^ Gi is connected if each Gi is irreducible. 



Proof. By Lemma 4.4.2 we can assume all morphisms Gi Gj to be epimorphisms and K[G] = [jK[Gi]. 
If gi, g2 G K[G] and gi ■ .g2 = then gi, g2 G A'[Gi] for some i and gi or 52 equals zero. □ 

Lemma 4.9.3. Let G — lim<_ G^ be a connected proalgebraic group. Then the image (t>i{G) C Gi of the 
natural homomorphism (pi : G ^ Gi is connected. □ 



Definition 4.9.4. Let X be a stratified (resp. F-stratified) toroidal scheme over K. We say that an 
automorphism (resp. r2.-equivariant automorphism) p oi X preserves orientation at a iiT-rational point 
X = 4>{x) if it induces an automorphism p e Aut^Xx, 5')° (resp. p G Aut^ (X^, S)'^). 



Definition 4.9.5. We say that two etale morphisms (resp. F-etale morphisms) of stratified toroidal schemes 
over K, /i,/2 : {X,S) {Y,T), determine the same orientation at a closed if -rational point x G X ii 
fi{x) = f2{x) and (/2)-i o /i e Aut(X„ Sf (resp. (/2)-i o /i G Aui^ {X,,Sf ). 

In further considerations we shall consider the case of F-stratified toroidal schemes. The case of stratified 
toroidal schemes corresponds to the situation when F is a trivial group. 
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Definition 4.9.6. Let {X, S) is a F-stratified toroidal scheme and x <E X he a iiT-rational point. We 
call functions yi,.-- ,yk locally toric parameters if yi = ,yk — 0*(ufe), where ui,... , uj, are 

semiinnvariant generators at the orbit point on a F-stratified toric variety X^r, and ipx ■ Ux X„ 
is a Fa;-etale morphism from an open Fa;-invariant neighborhood Ux of x such that 4'x{x) = Oa and the 
intersections s' n U, s' e S, are precisely the inverse images of strata of Xcr- 

Lemma 4.9.7. Locally toric parameters exist for any K -rational point of a T-stratified toroidal scheme X . 



Proof Let s be the stratum through x. By Definition 4.1.6 there is a F^j-smooth morphism from an open 
neighborhood Ux of x such that s = (/)~^(Oct) and the intersections s' fl C/, s' £ S, are precisely the 
inverse images of strata of X^^. Let xi,... ,Xk be local paramters of s at x. Set g : U A^, where 
17(2;) — (xi,. . . ,Xk)- Then the morphism -ijjx := (fix x 9 F^j-etale and defines locally toric parameters at 

X. □ 

Lemma 4.9.8. Let {X, S) be a T-stratified toroidal scheme and x ^ X be a K -rational point. Let yi, - ■ ■ ,yn 
be locally toric paramters at x ^ X. The ideals of closures of the strata Ls C Ox,x are generated by subsets 

of {Ui, . . . ,Uk}. 

Proof. It suffices to show the lemma for characters generating cr^ on a F-stratified toric variety X^. Let 
T be the big torus on X^. Each stratum s is T- invariant irreducible hence contains a T- orbit Or, where 
T ^ a. We conclude that 's = Or- But then /— C -ftr[Xcr] is generated by functions corresponding to those 
generating functionals of cr^ which are not zero on r. □ 

Lemma 4.9.9. 1. The group Aut^ {X^, S) is connected for any smooth T-stratified toroidal scheme {X, S) 
over Spec{K) and any K -rational point x G X^ . 
2. Any two T-etale morphisms gi : {X,S) —>■ {Y,R), 52 : (^tS) —> (Y, R) between smooth T-stratified 
toroidal schemes such that gi{x) = .92(2^) determine the same orientation at x. 

Proof. (1) We can replace X by A*"' since {X^, S) ~ (A'^o, Sa) for a toric stratification Sa on A*^. Let m 

be the maximal ideal of G A*^'. The automorphism g ^ G :— Aut'"(A'^0: Sa) is defined by F-semiinvariant 
functions g*{xi), . . . ,g*{xk), where xi, ... ,Xk are the standard coordinates on A*"' such that the F-weights 
of g*{xi) and Xi, where i = 1, . . . , fc, are equal. There is a birational map a : A^ G defined by 

a{z) := (xi, ... ,Xk)^ ((1 - z)g*{xi) -f zxi, ... , (1 - z)g*{xk) + zxk). 

Note that a{z) defines automorphisms for t he ope n subset U of A^, where the linear parts of coordinates 



of a{z) are linearly independent. By Lemma 4.9.8 the closure of each stratum s is described by a subset of 
{xi, . . . ,Xk}. Since g preserves strata, s is described by the corresponding subset of {g*(xi), . . . ,g*(xk)}. 
Thus the corresponding coordinates of a(z), z G U, belong to the ideal I-s. Since they are linearly independent 
of order 1 they generate the ideal and by the Lemma of Nakayama they generate the ideal I^. Therefore 
the automorphisms a{z), z G ?7, preserve strata. The morphism a "connects" the identity a{l) =^ id to an 
arbitrary element a{0) = .g G Aut^ {X^, S)° . 

(2) Follows from (1). □ 

Lemma 4.9.10. Let f : {X,S) {Y, R) be a T-smooth morphism of relative dimension k between T- 
stratified toroidal schemes. Let x G X^ be a closed K -rational point. Let F act trivially on and 51,52 : 
X A^ he any two T-equivariant morphisms such that gi(x) = 52(2;) = and f x gi : {X, S) (Y, R) x A*^ 
are T-etale for i — 1,2. Then f x gi and / x 52 determine the same orientation at x. 

Definition 4.9.11. We shall call such a morphism / x 5 an etale extension of / and denote it by /. 



Proof of 4.9.1c. Let y — f{x) and yi,... , be locally toric parameters at y G F. Let xi,... ,Xk 



be standard coordinates at G A'^. Set Vi — f*[yi) for z — 1,... ,Z and — gl{xj), w| — 52(^5) 
for j — 1, . . . , fc. Then Wi, . . . , u;, w}, . . . , and wi, . . . , w;, wf, ... , are locally toric parameters at x. 

The automorphism (/ x gi)^ ° (/ x 52)2, ■ — > X^ maps w\ to wf. We can find a linear automorphism 
ai G {idv} X Gl(fc), which preserves w-coordinates and acts nontrivially on u;|-coordinates so that a'{{vi) — Vi 
and a\{w'j) = w\ -I- Zi, where are some functions from the ideal (w\^ . . . ,it;^)^ -I- (ui, . . . Clearly 
a\ G A\i\F (X^.,S)^ . Now consider the morphism A^ Am\F (X^^S)'^ such that A^ 3 t ^ (f)t, where 
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(^t (wi) = and (wj) = +t • Zj. This shows that G Aut^(Xa;, 5)°. Finahy (/ x 51^) o (/ x 52a;) ^ = 
(p^^ oai G Aut^{Xx,S)°. □ 

Definition 4.9.12. We say that two F-smooth morphisms /i, /2 : (X, S) — > {Y, R) of dimension k determine 
the same orientation at a closed JC-rational point x G if fi{x) = ,f2{x) and there exist etale extensions 
e/i, /2 : {X, S) — > (F, R) x A*^ which determine the same orientation at x. 

Lemma 4.9.13. Let f : {X,S) — > {Y, R) be a T-smooth morphism oj T- stratified toroidal schemes over K. 
Let X G X^ and y = f{x) G Y^ be K -rational points and s = f~^{y) G S be the stratum through x. Let 
yi, . . . ,yi be locally toric Tx-semiinvariant parameters at y and vi = f*{yi), . . . ,vi = f*{yi),wi, . . . ,Wk be 
locally toric Tx-semiinvariant parameters at x. Set R := if [[wi, . . . ,Wk]]- Then Ox,x = -R[[^^i, • • • i^i^/I, 
where I is the ideal span by binomial relations in Vi. K\i\}ji{Xx, S) is a proalgebraic group ofTx-eguivariant 
automorphisms preserving strata and the subring R, and the monomorphism jS : Aw.\Fji{Xx, S) Aut'"(Xa;, S) 
induces an isomorphism 

: Aut^(A„5)/Aut^(A^,5)° ^ Aut'^(X^, 5)/Aut^(A^, 5)°. 

Proof. It suffices to construct a surjective morphism a : Aut^{Xx, S) Aut^{Xx, S) with connected fibers 
such that a o /? = i^^^^r^^ gy Any automorphism (j) from Aut^(X2;,5') maps wi,... ,Wk,vi,... ,vi to 

w[, . . . ,w'j,..v[. . . . ,v[. We put a ((A) = Wj, Q:{6)*{vj) = Vj. Then ^((A) is an endomorphism since 7«i are 
algebraically independent of Vj . It is an automorphism since we can easily define an inverse homomorphism. 
The fiber a~^{a{4>)) consists of all elements of the type = a{(j)) o where 0*(wj) = w'- and ^i{Vj) = v'-. 
It is connected: for any two elements <f> = oi{4)) o and (j)' — a{4') o we can define a rational map 
$ : A^ ^ Aut^{Xx,S) by <^{t)*{vj) = Vj, <^{t)*{wi) = twi + (1 - t)w'i. The latter is defined on an open 
subset U C containing and 1. □ 

Lemma 4.9.14. Let : {X,S) {Y,R) for i = 1,2 be two T-smooth morphisms of T -stratified toroidal 
schemes such that 4'i{x) = (f>2{x) — y E Y for a K -rational point x G X^ and strata in S are preimages 
of strata in T and (t>i^{y) = <l>2^iy)- Assume there exists a smooth scheme V with a trival action of T 
and a T-equivariant morphism g : X ^ V such that x g : {X, S) (Y, R) x V are T-smooth. Define 
X' := g-\gix)), S' — {snX' \sG S}. 

Then and (f)2 determine the same orientation iff their restrictions : {X',S') — »■ {Y,R) do. 

Proof. We can assume that g is F-etale by replacing, if necessary, {Y,R) with {Y,R) x A™, where m = 
dim(X) - dim(y) - dim(F), and (pi : {X,S) {Y,R) and 0,^x g : {X,S) (Y, R) x V with F-smooth 
morphisms (pi : (A, S) (F, R) x A'" and F-etale morphisms (pi x g : (A, S) (Y, R) x x V. 

Let y = f{x) and yi,... ,yi be locally toric F-semiinvariant parameters a.t y G Y. Let xi,... ,Xk be 

locally toric parameters at p := g{x) G V. Set v\ = <p\(yi), vf = <p2{yi) for i = 1, . . . , ^ and Wj = g*{xj) 
for j = 1, . . . , fc. Then vl, . . . ,vl ,wi, . . . ,Wk and w^, . . . ,vf ,wi, . . . ,Wk are locally toric parameters at x. 

The automorphism a := {(pi x g)^ o (02 x g)^ : X^ — *■ X^ maps the first set of parameters onto the second 
one. Thus a belongs to the group of automorphisms Aut^(A'a;,5) preserving R = K]^wi,... ,Wfe]]. The 
restriction of each automorphism from Aut^(A2;, S) to X' — Spec(C'x,2:/ {wi, . . . , Wk)) is an automorphism. 
On the other hand we can write Ox,x — Ox' ,x[[wi, ■ ■ ■ jWfe]]. Hence each automorphism in Aut^(A^,S") 
determines an automorphism in Aut^(Aa;, S). We come to a natural cpimorphism of proalgebraic groups: 

res : AutJ^(A^, 5) ^ Aut5^(Xi, S'). 

The kernel of res is a proalgebraic group H consisting of all automorphisms (3 G Aut^(Aj;, S) which can 
be written in the form j3{vl) = v} + r^, I3{wj) = wj, where G {wi, . . . ,Wk) • Ox,x- For any fixed /? and 
t G A^ yield r* := ri{vl, ... ,vj ,t ■ wi, . . . ,t- Wk) and (3*{vj) = vj -\- r*, l3*{wj) = wj. This gives a morphism 
t: A^ ^ H such that 

t{l) = (3^ — (3 and 4(0) = id. Consequently, H is connected and 

res-i(Aut^(A'^,5')° = H ■ (Aut^(A'^, 5')° = Aut^(A^,5)°. 
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By the above and Lemma 4.9. 13| the homomorphisms 



Aut^(X,, S) ^ Aut5;(X,, S) ^ Aut^(X',, 5') 

define isomorphisms 

Aut^(X,, 5)/Autr (1^, Sf ^ AutliX^, S)/Antl{X,, Sf Aut^(X',, ^')/Aut^(X',, 5')°- 
Finally we see that (^T^g)^ o (.felTg)^ ^ G Ant]f{X^, Sf iflF o 0^^^ e Aut5;:(X'^, 5")° □ 
4.10. Orientation on stratified toroidal varieties. 

Definition 4.10.1. Let {X,S) be a F-stratified toroidal variety (or F-stratified toroidal scheme) with an 
associated F-semicomplex E. Let t < a and x E s. Let i% : t ^ a denote the standard embedding and 
(j>cr ■ Ua ^ X„ be a chart. For any a' < a in such that ojio'') = r in A^,- we denote by (/)^ : C/^ :— 
<\)^^(Xc') X„i the restriction of </)cr to C/^ . 

Let TT^, : ATct' ^ A",- denote the toric morphism induced by any projection tt^, : a' ^ t such that 

7f^, O = id|^. 

1. We say that the F-stratified toroidal variety (A, S*) with atlas U is oriented if for any two charts 
(pi : Ui —f Xg-., where i — 1,2, and any a'^ ^ cr^ such that ^^'(Cj') = cr < (7^ the Fo--smooth morphisms 

TT^, : J7ct * — > A(j determine the same orientation at any x £ Ual H H stratx (c) . 

2. Let (A, 5) be a F-stratified toroidal scheme with atlas U which contains a reduced subscheme W of 
finite type over K. We say that (A, 5") is oriented along W if for any two charts : Ui ^ Ag.. , where 

i = 1,2, and any ^ ai such that i^(cr9 = — "'i the Fo--smooth morphisms '■ Ua- X^ 

determine the same orientation at any x G Ua^ fl n stratx(CT) Pi W. 

3. We shall call such W a K -subscheme. 



The following lemma is a generalization of Lemma 4.8.3 



Lemma 4.10.2. Let (As,^) be a T-stratified toric variety corresponding to an embedded semifan £7 C S. 
Then (Ax;,S') is an oriented T-stratified toroidal variety with the associated oriented T -semicomplex fi*"^™"^ 
and atlas W'^in,!:). □ 



Remark. By Lemma 4.9.10 the above definition does not depend upon the choice of the projection tt^ 



Definition 4.10.3. Let {X, S) be a F-stratified toroidal variety (respectively a F-stratified toroidal scheme 
with a if-subscheme W) with two atlases Ui and U2 such that (X, S,lAi) and (A, S,U2) are oriented (resp. 
oriented along W). Then Ui and U2 on (A, S) are compatible (resp. compatible along W) if (A, S,U), where 
:= Ui UU2, is oriented (resp. oriented along W). 

Lemma 4.10.4. Let f : (A, 5) — > {Y, R) be a T-smooth morphism of T-stratified toroidal schemes such that 
the strata in S are preimages of strata in R and all strata in R are dominated by strata in S . Assume 
that {Y,R,U) with associated T-semicomplex S is oriented along a K-subscheme W. Define f*(U) '■= 
{4>f I e U}. Then (X, S, f* {U)) with the associated T-semicomplex S is oriented along any K-subscheme 

W C f-^{w). 

Proof. Let (j) : U ^ Xg- be a chart on Y. Then 4> is F-equivariant, F^-smooth morphism such that the 
intersections r Ci U are inverse images of strata of Aj . Then 0/ : (t)^^{U) X^ has exactly the same 



properties. Since X^j / jT „ exists it follows from Lemma 4.1.3 that 0/ is FCT-sniooth. □ 



Lemma 4.10.5. Let <j)i : {X,S) (Y, R) for i — 1,2 be two T-smooth morphisms of T-stratified toroidal 
schemes such that the strata in S are preimages of strata in R. Assume {Y,R,IA) is oriented and there 
exists a T-equivariant morphism g : X V into a smooth scheme with trivial action of T , such that 
(pi X g : {X,S) {Y,R) x V are T-smooth. Set X' := g-^{g{x)),S' -.= 3(1 A'. Let W C X' be a 
K-subscheme. Let tpi : (A', 5") [Y, R) denote the restrictions of ipi. 

Then (piiU) and (ji^i^) o-''"^ compatible on (A, S) along W iff ipKU) and ^'2^) '^''"^ compatible on (A', S") 
along W . 



Proof. Follows from Lemma 4.9.14. □ 
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Example 4.10.6. The group of automorphisms of the formal completion of a toroidal embedding at a closed 
point is connected. 

The formal completion of a toroidal embedding at a closed point is isomorphic to Xa-xrcgia), where reg(tT) 
is a regular cone and strata are defined by all faces of a. Let xi,. . . ,Xk be semiinvariant coordinates on 
corresponding to characters mi, . . . , m^. Denote by Xk+i^ ■ ■ • , Zk+i the standard coordinates on Xigg^jr) 
corresponfing to characters to/c+i, ■ ■ • jiTik+i. Let (p be an automorphism of XCTxrog((T) which preserves the 
torus orbit stratification. Since all the divisors in the orbit stratification are preserved, the divisors of Xi, 
where i = 1, . . . , k, are also preserved, so we have (jfi^i) = XjSj, w here Si = Uio + aiax" + . . . is invertible 
and a — (ai,... ,ak+i) denote multiindices. By Lemma |4.9.10| , we may assume that (f)*{xi) — Xi for 
i = fc + 1, . . . , L An integral vector v := (wi, . . . , vi+k) G int(CT x reg(i7)) defines the 1-parameter subgroup 
t ^ of the "big" torus T. For any i G T let f" denote the automorphism defined as 

Xi ^ ^ Xi ' ^ . 

consider the morphism (j)t := t~'"(j)t'" . In particular (j)i — (p and 

X, o 0t = x,{a,o + ri"i''i+-+"'+'='"'+'='"+'=a,„a;" + ...), 

where aimivi + ... + ai+kmi+]^vi+k = (w,aimi + ... + ai+]^mi+k) > 0. Then (po is the well defined 
automorphism Xi |—^ OioXi. The latter automorphism belongs to the torus T. Since we can "connect" any 
automorphism (j) with an element of the torus the connectedness of the group of automorphisms follows. 

Any toroidal embedding is an oriented stratified variety. 



By Lemma 4.9.14 and by the connectedness of the automorphism group any two charts determine the 



same orientation. 

Example 4.10.7. Let X :— {x & | xiX2 = 2:3X4} be a toric variety with isolated singularity. Then X is 
a stratified toroidal variety with the stratification consisting of the singular point p and of its complement. 
The blow-up of the ideal of the point is a resolution of singularities with the exceptional divisor determining 
the valuation. Consequently the valuation determined by the point is preserved by all automorphisms in 
Aut(A'2;,S') . We have the natural homomorphism d : Aut{Xx, S) — > Gl(Tanx,a:). The kernel of d is a 
connected proalgebraic group (see Lemma 7.3.l| (3)). The image d{Aut{Xj;, S)) consists of linear automor- 



phisms preserving the ideal of X1X2 —2:3X4, that is, multiplying the polynomial by a nonzero constant. Hence 
d{Aut{Xx, S)) = K* -O, where K* acts by multiplying the coordinates hy t G K* and O is the group of linear 
automorphisms preserving X1X2 — X3X4. By the linear change of coordinates Xi = yi — iy2, X2 = yi + iy2, 
X3 = ys — iy4, X4 = 1/3 + iy4 we transform the polynomial into j/i + 2/| + J/| + 2/| (char(iir) ^ 2). This 
shows that O is conjugate to the group of orthogonal matrices with if-rational coefficients 0(4, K). 0(4, K) 
consists of two components with 0(4, K)° = 5*0(4, K). Therefore Aut{Xa:, S) = ker{d) ■ K* ■ O consists of 
two components. Fix any isomorphism cj) : X ^ X^, which can be considered as a chart. An oriented atlas 
consists of charts compatible with (j). Consequently, there are two orientations corresponding to any two 
incompatible isomorphisms : X — > X^,. 

4.11. Subdivisions of oriented semicomplexes. 

Definition 4.11.1. For any F-semicone a denote by Aut(CT)'' the group of all its automorphisms which 
define the F-equivariant automorphisms of X„ preserving orientation. 

By an oriented semicomplex (resp. oriented T-semicomplex) we mean a semicomplex (resp. F-semicomplex) 
S for which for any cr < r < 7 there is G Aut((T)'' for which ili^^ = i^'^cr. 

Definition 4.11.2. By an isomorphism of two oriented F-semicomplexes E S' we mean a bijection of 
faces E 9 cr 1— » cr' G E' along with a collection of face isomorphisms '■ <J ^ cr' such that for any r < cr, 
there is an automorphism Pr S Aut(T)° such that = i'^/Jt^t- 

Remarks. 1. An oriented semicomplex can be viewed as an oriented F-semicomplex with trivial groups 
2. We will show that the F-semicomplex associated to an oriented F-stratified toroidal variety is oriented 



(Lemma S.2.5 ). 



3. The description of the group Aut (cr)" is given in Lemma 8.1.2 



Lemma 4.11.3. Let A be a subdivision of a fan E and cr £ E. Then 

A|cr := {(5 G A I (5 C cr} is a subdivision of a. □ 
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Definition 4.11.4. A subdivision of an oriented r-semicomplex S is a collection A of fans A'^ in where 
cr G S such that 

1. For any a gT,, A'^ is a subdivision of a which is Aut(c7)°-invariant. 

2. For any r < cr, A^It = i^iA'^). 



Remarks. 1. By abuse of terminology we shall understand by a subdivision of a semicone a a subdivision 
of the fan a. 

2. A subdivision of an oriented semicomplex can be viewed as a subdivision of an oriented r-semicomplex 
with trivial groups T^- 

3. By definition vectors in faces a of an oriented F-semicomplex S are defined up to automorphisms 
from Aut((T)°. Consequently, the faces of subdivisions A'^ are defined up to automorphisms from 
Aut((T)° and in general don't give a structure of semicomplex. Only invariant faces of A*^ may define 
a semicomplex. 

4. The condition on A"^ to be Aut((7)°-invariant is for canonical subdivisions replaced with a somewhat 
stronger condition of similar nature which says that the induced morphism X^a := X^a Xx„ X„ — > X^ 

is Aut'"(Xcr)''-cquivariant. The latter condition can be translated into the condition that all "new" 
rays of the subdivision are in the stable support of S. 

Definition 4.11.5. Let A be a subdivision of an oriented F-semicomplex S. Let Qa be an ray passing 
through the interior of the cone cr e S such that defining a collection of rays q := {qt € t | r > cr} such 
that for any r > cr, the ray Qr — i^iSa) is Aut(T)*'-invariant . By the star subdivision of A at p we mean 
the subdivision 

• A := {^.^ • A^ I r > a} U {A^ I T ^ a}. 



4.12. Toroidal morphisms of stratified toroidal varieties. 

Definition 4.12.1. Let {X,S) be a a stratified toroidal variety (resp. a F-stratified toroidal variety) with 
an atlas U. We say that F is a toroidal modification of {X, S) if 

1. There is given a proper morphism f : Y ^ X (resp. proper F-equi variant morphism) such that for 
any x € s = strata (cr) there exists a chart x G Ua ^ X^, a subdivision A*^ of cr, and a fiber square 

^ X, 

T/ T 

U.^x,Xi^, ^ f-\U,) ^ X^. 

2. For any point a; in a stratum s every automorphism (resp. Fs-equivariant automorphism) a of X^ 
preserving strata and orientation can be lifted to an automorphism (resp. Fg-equivaiant automorphism) 
a' oiYxxX^. 

Definition 4.12.2. Let F be a toroidal modification of a stratified toroidal variety {X,S). By a canonical 
stratification i? on y we mean the finest stratification on Y satisfying the conditions: 

1. Strata of R are mapped onto strata of S. 

2. For any chart : Ua ^ X„ on (X, S) there is an embedded subdivision iV^ C A'^ such that the strata 
of i?n J^^{Uc) are defined as inverse images (0^)^^(strat(u;)) of strata on (Xa^^ , .Sfj" )• 

3. For any point a; in a stratum s every Fjj-equivariant automorphism a of X^ preserving strata and 
orientation can be lifted to an Fg-equivariant automorphism a' of F Xx X^ preserving strata. 

If y is a toroidal modification of (X, S) and ii is a canonical stratification on Y then we shall also speak 
of a toroidal morphism {Y, R) — > {X, S) of stratified toroidal varieties. 

Remarks. 1. The definition of a toroidal morphism of stratified toroidal varieties is a generalization of 
the definition of a toroidal morphism of toroidal embeddings. 
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3. 



The condition (2) of Definition 4.12.1 is similar to Hironaka's "allowability" condition, used by Mumford 
in the theory of toroidal embeddings (see ||3^ and section 1.1). It means that a toroidal morphism, 
which by condition (1) is induced locally by charts, in fact does not depend on the charts i.e., if a 
morhism which satisfies the Hironaka condition is induced locally by the diagram (1) for some chart, 
then it is also induced locally by any other chart and the given subdivision (see Lemma 4.12.11). 
In the above definition fl"^ consists of those faces of A"^ whose relative interior intersect the stable 



of a define (locally) toroidal modifications (see example 4.12.3) 



support (see Lemma 6.5.1). 
Only some special subdivisions A" 
These subdivisions, called canonical, induce modifications which are independent of the charts. They 
are character ized b y the property that " new" rays of the subdivision are contained in the stable support 
(Proposition 7.6.1 ). 



Example 4.12.3. Let X — and S be the stratification on X that consists of the point sq = (0,0) and 
its complement si = \ {(0,0)}. Then (X,S) is an oriented stratified toroidal variety corresponding to 
the semicomplex S — {(Tq, (Ji} where ctq — ((1, 0), (0, 1)), ai = {(0, 0)}. 

• Let Y ^ X he a, toric morphism corresponding to the normalized blow-up of / = (a;^,y). This 
morphism of toric varieties corresponds to the subdivision A := ((1, 2)) ■ E of S. Therefore condition 
(1) of Definition 4.12.1 is satisfied for the identity chart. 

The condition (2) of the definition is not satisfied. The automorphism a defined by a{x) — y, 
Oi{y) = X doesn't lift. 

• Let Y ^ X he a. blow-up of / = {x,y). Then y is a toric variety and let Sy be the stratification 
consisting of si and the toric orbits in the exceptional curve P^: S2 — {0}, S3 = {00} and S4 = 

\ {0} \ {00}. Then 1" is a toroidal modification of {X, S). The automorphism a defined by a{x) — y, 
a{y) = X lifts to the automorphism permuting S2 and S3. Therefore {Y, Sy) {X, S) is NOT a toroidal 
morphism. 

• Let Y ~f X he a blow-up of / = {x,y) and Sy he the stratification consisting of the exceptional curve 
S2 = -D and its complement si. Then (Y, Sy) — » {X,S) is a toroidal morphism corresponding to the 
subdivision A of S, where A = {((1, 0), (1, 1)), ((1, 1)), ((1, 1), (0, 1)), {(0, 0)}. The stratification Sy is 
described by the semicomplex il — {((1, 1)), {(0, 0)}} C A. After blow-up some faces "disappear" from 
ft ^ A. The remaining faces of fl are Aut(CT)°-invariant. 



Lemma 4.12.4. Let Y X be a toroidal modification of an oriented T-stratified toroidal variety {X,S). 
Then all fibers f^^{x), where a; G s, are isomorphic. 



Proof. It follows from condition (1) of Definition 4.12.1 that all fibers / (x), where x & s — strata (c) n C/o- , 
are isomorphic for any chart Ug- X^. □ 

Lemma 4.12.5. Let Y —t X be a toroidal modification of an oriented T-stratified toroidal variety {X,S). 
Then the exceptional divisors of the morphism f : Y ^ X dominate strata. 

Proof. Suppose an exceptional divisor D does not dominate a stratum. The generic point of f{D) is in a 
stratum s and dim(/(£')) < dim(s). By Lemma 4.12.4, s is not a generic open stratum in X. The dimension 
of a generic fiber /^^ (a;), where a; G f{D), is greater than or equal to dim(D)— dim(/(Z))) = n— 1 — dim(/(Z?). 
The dimension of a generic fiber f^^{x), where a; G s, is at most dim(/~^(s)) — dim(s) < n — 1 — dim(/(Z?). 
This contradicts Lemma 4.12.4. □ 



Definition 4.12.6. If E is a fan then we denote by Vert(E) the set of all 1-dimensional faces (rays) in S. 



Lemma 4.12.7. Let a ^ ti Q) T2 and A be a subdivision of ti. Then 

A © T2 := {(5 © cr I (5 G A, a ^ T2} is a subdivision of t called the joint of A and T2. □ 

Lemma 4.12.8. Let C T. be an embedded T-semifan. Let A be a subdivision of E such that any ray 
g G Vert(A \ E) passes through the interior of uj E il. Then for any cone a = Lo{a) r(cr) in E, A\a = 
(A|w(cr)) ©r(cr). 

Proof. Since lu :— Lu(a) is a maximal face of a which belongs to f2, all "new" rays which are contained in a 
are in uj and therefore the maximal cones in A| cr are of the form t = uj (B r(cr) and t a lu. This shows that 
Ai := A\a is a subfan of A2 :~ (Ajw) © i"(o')- By properness we get |Ai| = IA2I and hence Ai = A2. □ 
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Lemma 4.12.9. . Let ipi : Yi X and ^2 '■ Y2 ^ X he proper birational morphisms of normal noetherian 
schemes. 

1. Suppose Xx Xx Yi and Xx y~x Y2 are isomorphic over Xx for a K -rational point x e X. Then there 
exists an open neighborhood U of x such that the proper birational map ^^^{U) i^2^iU) is an 
isomorphism. 

2. Suppose Xx Xx ^1 ^ Xx y-x^2 is a proper morphism over Xx for a K -rational point x G X . Then 
there exists an open neighborhood U of x such that the proper birational map ^^^(U) i^2^{U) is a 
morphism. 

Proof (1) Suppose that the sets il^i^iU) and ip2^i^) '^^^ isomorphic for any U. Then the closed subset 
of Y2 where 'ipi'ip2^ is not an isomorphism interesect the fiber ?/'2^^(a;). 

Let ¥3 be a component in Yi Xx Y2 which dominates X. Since all varieties are normal, at least one of the 
proper morphisms Y3 — > Yi is not an isomorphism for 1 = 1,2 over il;~^{U) for any U 3 x. Then it collapses 
a curve to a point over x. 

Let X^ be a component in Xi x ^ X2 which dominates Xx- The morphisms Xi for i 1, 2 are 

pull-backs of the morphisms Ys Yi via etale morphisms. This shows that they are not both isomorhisms, 
and neither is the induced birational map Xi — > X2, which contradicts the assumption. 

(2) The same reasoning. □ 

Lemma 4.12.10. Let (pa '■ U„ ^ X^ denote a chart on an oriented T-stratified toroidal variety {X,S). Let 
a' < a denote a face for which uj{cr') = g < a. 

Consider the smooth morphism ip^- :— tt^/^^ : U^i Xg induced by the chart 4>a- 

Let A*^ be a subdivision of a and :~ A'^\g be a subdivision of g. 



Suppose fa '■ Ua Ua Xx^ X^^ — > Ua Satisfies Condition (2) of Definition 4-12.1. Then the following 
diagram consists of two fiber squares of smooth morphisms: 

Ua > Xa' = Xg0r(<j') > Xg 

T/ , T t 

Ua U Xx^, Xa" — f^^{Ua ) X^^\a' ~ Xia(^^e)Qi{a') — > ^Ae 



Proof It follows from Lemma 4.12.5 that the assumption of Lemma 4.12.8 is satisfied for A'^. By Lemma 
112^ A'^lo-' = A''\g® r(CT') = i^(A^?) © r(cr')- □ 

Lemma 4.12.11. Let 4>a '■ Ua ^ Xa and (pr '■ Ur X^ denote two charts on an oriented T-stratified 
toroidal variety {X,S). Let A'^ be a .subdivision of a and A"^ denote a subdivision ofr. Assume that for any 
^? < <^,T, A'^\g — A'^\g. Suppose fa : Ua ■— Ua xx„ X^^ Ua and fr ■ Ur Ur X^^ Ur satisfy 



Condition (2) of Definition 4-12.1. 

Then (f>'^^{U) and (f>~^{U) are isomorphic over U Ua C) Ur. 

Proof. Suppose that the relevant sets are not isomorphic over Spec(C'^) for x G strata (g") H U. Then there 
are faces <t' ^ a and t' < t such that w(cr') = w(r') = g. 



Set by Teg{g) = (ei, . . . , edim(stratx(e)))- diagram from Lemma 4.12.1C gives the following fiber square 
diagram of etale extensions: 

U > exreg{g) U > X gxregig) 

T Ur T 

fa^{U) > XAxreg(Q) fr^iU) ^ -'^Axreg(e) 

where the horizontal morphisms are etale. 
Consider the following fiber square diagram: 

^ a' ^ ■4>'„ ^ 

X Xu Ua > X Xu Ur — ^ X xrcgig) ^^exrog(e) ^exrog(e) 
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where ipc^ and ■0t sn'e isomorphisms of the completions of the local schemes induced by etale extensions of 
the smooth morphisms i/'o- and ipr, ct is an isomorphism such that ipr ■= ipa- ° ct, and -0^, ip'^ and a' are 
liftings of ■(/'ct, and a. 

It follows from the diagram that a is an automorphism of which can be lifted to an automorphism a' 
of Xi. Note that a preserves strata and orientation. It follows that X XjjUa- and X XuUr- are isomorphic. 
By Lemma 4.12.9, Ua and Ur are isomorphic over a neighborhoood of x & X, which contradicts the choice 
of a; ex. □ 



4.13. Canonical subdivisions of oriented semicomplexes. As a corollary from the proof of Lemma 



4.12.11 we obtain the following lemma. 



Lemma 4.13.1. Let {X,S) be an oriented T -stratified toroidal variety of dimension n with associated ori- 
ented T-semicomplex S and let f : Y ^ {X, S) be a toroidal modification. Let x be a closed point in stratum 
stratx(o') ^ S , (per '■ U X^ be a chart of a neighborhood U of x and A*^ be a subdivision of a for which 
there is a fiber square 

U ^ X, 

T/ T 

where the horizontal morphisms are T a -smooth. Set 

reg(cr) (ei, . . . , e„_dim(Ar^)) = (ei, . . . , edim(stratx(o-)))- 

Then 

1. there is a fiber square of Stale extensions 

U ^ X^^ 

t/ ^ T 

where the horizontal morphisms are T^-etale and where 

a ■.= a X reg(cr), and A"^ A'^ x reg(cr). 

2. X^ is a T„-stratified toric variety with the strata described by embedded T^-semifan a C cr. Moreover 
the strata on U are exactly inverse images of strata of X^. 

3. There is a fiber square of isomorphisms 

Xx — Xa 

T/. T 

Y Xx Xx ~ X/^<T 

where 

X„ := Xa, and Xa" := X^„ Xx^ X^. 

4. Xa is a T c-stratified toroidal scheme with the strata described by embedded T^-semifan a <Z a. The 
isomorphism preserves strata. 

5. The morphism f^ : Y Xx X^ — > X^ is Aut^ (X^, S)^ -equivariant . 

6. The morphism X^^ — > X^ is Ant {X a)'^ -equivariant. □ 

Remark. In what follows we assume that n in the definition of a, A, X^, and Xa denotes the dimension of 
relevant stratified toroidal varieties. If the semicomplexes are not associated to stratified toroidal varieties 
then n will denote some, a priori given, natural number, satisfying the condition that all simplices and 
semicomplexes have dimension < n. Thus the definition of ct, A, X^, and Xa will make sense for any cones 
a and any fans S considered. 
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Lemma 4.13.2. Let E be an oriented T-semicomplex and cr G E. Let (f)i,(f)2 ■ iU,S) {Xa-,Sa-) be smooth 
morphisms of T-stratified toroidal schemes which determine the same orientation at a closed point x £ 
stratx(o'). Let A"' be a subdivision of a such that X^,^ X^, is Aut {X Sa-)'^-equivariant. Let Ui — 
U Xx„ Xl^,^ denote the fiber products for (pi, where i ~ 1,2. Then Ui are isomorphic over some neighborhood 
VcUofxeX. 



Proof. Identical with the proof of Lemma 4.12.11 . □ 

We shall assign to the faces of an oriented F-semicomplex E the collection of connected proalgebraic 
groups 

G"^ = Aut{Xaf. 

Definition 4.13.3. A proper subdivision A — {A"' | tr G E} of an oriented F-semicomplex E is called 
canonical if for any cr £ E, G"^ acts on X^<t (as an abstract group) and the morphism X/^a —>■ X^ is 
G"^-equivariant . 

Remark. This technical definition is replaced by a simple combinatorial definition by using the notion of 



stable support (see section 7.6). Also X^ and X/\,t are replaced with X^ and X/^a (Proposition 7.6.2) 



4.14. Correspondence between canonical subdivisions of semicomplexes and toroidal modifica- 
tions. 

Theorem 4.14.1. Let {X,S) be an oriented T-stratified toroidal variety with the associated oriented T- 
semicomplex E. There exists a 1-1 correspondence between the toroidal modifications Y of {X,S) and the 
canonical subdivisions A o/E. 

1. If A is a canonical subdivision ofY, then the toroidal modification associated to it is defined locally by 

X, 

T,/ T 

U.^x^X^. ~ f-\U„) ^ Xa^ 

2. // X , Y^ — > X are toroidal modifications associated to canonical subdivisions Ai and A2 of E 
then the natural birational map Y^ — > Y^ is a morphism iff Ai is a subdivision of Ai. 

Proof. We shall construct the canonical subdivision A of E associated to a given toroidal modification Y . 



By Definition 4.12.1 for any point x there is a chart and a subdivision A'^ of a and the fiber square stated 
in property (1). For two charts (pa^x : UaA Xa and (l)a,2 ■ Ua,2 Xa we may get two subdivisions AI 
and A2 of (T. These two charts induce by Lemma 4.13.1 isomorphisms (pu^i : Xx — > X„ and their liftings 



: Y XxXx — Xa^ ~ ■ The isomorphisms (f>a.i define an automorphism a :— (f>a,24>a \ of X„ preserving 
orientation and strata, and its lifting isomorphism ay '.— 4>{y 2(0^ 1)^^ ■ A"aj ^Aj- On the other hand a 
lifts to an automorphism of Xaj —Yy.x X^. Finally the isomorphism ayayicx^)^^ ■ Xa'^ ^Aj is 
a lifting of the identity morphism on Xa^. Thus it is an identity morphism on Xaj = ^Aj and A J = Aj . 



This implies the uniqueness of A'^. By Lemma 4.13.1 (6) , ix '■ ^A" — > X^r is Aut(Xo.)"-equi variant. Thus 
the fan A"' is Aut(CT)*'-invariant. It follows from the imiqueness that if r < cr then A'^\t = i%{A'^) ~ A'^. 
Therefore the subdivisions A°" define the canonical subdivision A of E. 

Now let A be a canonical subdivision of the oriented F-scmicomplex E. We shall construct the toroidal 
modification of {X, S) associated to A. For any chart C/(j,a ^ X„ set 

Uc!,a Ua,a >^X„ X A" 

For any two charts 4>a-,a ■ Ua-,a X^ and (j)r,b ■ Urfi Xr set 

Ua,T,a,b ■= (U^M n UT,b) X A" , 

where the fiber product is defined for the restriction of cp^^a '■ Us,a ^ X„ to U^^a H Ur.b- 



It follows from Lemma 4.12.11 that Ua^r,a,b is isomorphic over U^^a H [/t-,6 to Ur,a.b,a- Thus we can glue 



all the sets Ua-,a along Ua.r.a.b and get a separated variety Y. Note that the action of F lifts to any subset 
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A chart (j)^ : Uc X„ defines a ro.-equivariaiit isomorphism ~^ ^a- For any x £ stratxCc) any auto- 
morphism a of — Xg. preserving strata and orientation can be Hfted to a r£,-equivariant automorphism 
a' of Xy X X Y c^i Xa"- 

(1) Follows from the construction of a toroidal modification from a canonical subdivision. 

(2) Let ^ X , ^ X be toroidal modifications associated to canonical subdivisions Ai and A2. If 
Ai is a subdivision of A2 then the natural birational map Y^ — > Y^ is a morphism since it is a morphism 
for each chart. On the other hand if Y^ ^ is a morphism then Y^ Xx X^ ~ ^Y^Xx X^ — 



is a toric morphism. By Lemma 4.12.£ the latter morphism is induced by a toric morphism X/^^ -^^2 



Hence A J is a subdivision of Aj for each cr G S and consequently Ai is a subdivision of A2. This completes 



the proof of Theorem 4.14.1. □ 



5. Stable valuations 
For simplicity we consider only valuations with integral values. 

5.1. Monomial valuations. 

Definition 5.1.1. Let i? be a local noetherian ring, ui, ... ,Uk be generators of its maximal ideal, and let 
ai, . . . , Ofc be nonnegative integers. For any a G Z set 

Ja ■■= K''--- I iifli + . . . + ikttk >a)cR, 

where ii, . . . , ik, is a multiindex in Z>q. We call a valuation i' monomial with basis ui, . . . ,Uk and weights 
ai, . . . , Ofe if for any / G i? \ {0}, 

iy{f) = max{a € Z | / e Ja}. 

Lemma 5.1.2. Let v be a nonnegative monomial valuation of a local noetherian ring R. Then for any 
a eZ, I„^a ^ Ja- □ 

Lemma 5.1.3. Let v be a nonnegative valuation of a local noetherian ring R, and ui, ... ,Uk be generators 
of the maximal ideal of R. Let be a monomial valuation with basis ui, . . . ,Uk such that i'o{ui) = v{ui) > 0. 
Then va{f) < v{f) for any f G R. 

Proof. /^„,a {/ e i? I i^oif) > a} = Ja C I^.a- □ 

Lemma 5.1.4. Let v be a nonnegative monomial valuation of a local noetherian ring R with basis ui, ... , u^. 
Let g be an automorphism of R such that u{g{ui)) > v(ui) for any i = 1, . . . , k. Then v{g(f)) — v{ui) for 
any f E R. 



Proof. Note that > By Lcmma|5.1.4 g{I,,a) ^ g{Ja) C I^^a- Ifg(/.,a) /,.^a 

then we obtain an infinite ascending chain of ideals Iu,a C g^\Ii~a) C g^'^{Ii/,a) C . . . . □ 

5.2. Toric and locally toric valuations. Let X be an algebraic variety and v he a, valuation of the field 
K{X) of rational functions. By the valuative criterion of separatedness and properness the valuation ring of 

V dominates the local ring of a uniquely determined point (in general nonclosed) Ci, on a complete variety 
X. (If X is not complete such a point may not exist). We call the closure of c^, the center of the valuation 

V and denote it by Tj(v) or Z(i/, X). For any x € Z(j/) and a G Z>o, 

{./ e Ox^x I Hf) > a} 

is an ideal in Ox,x- For fixed a these ideals define a coherent sheaf of ideals T^^a supported at Z{i'). 

Lemma 5.2.1. Let v be an integral vector in the support of the fan E. Then the toric valuation val(w) is 
centered on Oa, where a is the cone whose relative interior contains v. 

Proof. Let Iq^ C -ftr[Xcr] be the ideal of the orbit 0^- Let / — ^a^x™', nii G cr^, be a regular function 
on Xrj. Then val(i')(/) > iff {v,mi) > for all ai ^ 0. But {v,mi) > by definition and {v,mi) = iff 
nii G a^. Thus we have {v,mi) > iff rui G ct^ \ a^. Finally Iq^ = {/ G K[Xa] \ val(w)(/) > 0} and the 
valuation ring dominates the local ring of Og^. □ 
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Let L be a ring containing if, cr be a cone of the maximal dimension in N„ and v be an integral vector 
of cr. Toric valuation val(w) can be defined on any ring L[[cr^]] and its arbitrary subring R containing ij[cr^]. 
For any f — J2 c^ix"^' , set 

val(w)(/) min{{mi,v) \ ^ 0}. 
The valuation val(ti) of R will be sometimes denoted by val(w, R) or val(w, Spec(i?)). 

Lemma 5.2.2. Let a he a cone of a maximal dimension and T„ denote the "big torus" acting on X„. Let 
/I be a T„-invariant valuation on X^. Then there exists an integral vector u G cr such that val(f) — /i. 

Proof. The valuation fi defines a linear function on cr^ corresponding to an integral vector v £ a. Since 
H is To- invariant so are the ideals /^,a. Therefore the ideals /^^a are generated by characters x™, where 
{m,v) > a. Consequently, If^ a — Ivai{v),a and /i = val(i;). □ 

Lemma 5.2.3. Let a be a cone of the maximal dimension in a lattice N„ and v £ a be its integral vector. 
Let R be a subring of K[Xa\ that contains K[Xa\. Then for any a g Z we have /vai(t),x„),a ' R = Iva\(v,R).a 

Proof. Denote by R' the localization of R at the maximal ideal of Oa- Then Iva\(v.R').a = Iva\(v x ) a^^' ^ 
Iva^i{v,x^),a-K[Xa]r\R'. Sincc K[X^] is faithfully flat over R' we obtain Iya.i{v,x^),a- K[Xc]nR' = /vai(«,x„),a • 
i?'. Thus we have /vai(i.,_R/),Q = Ivii\{v.x^).a ■ R' ■ Then I^s\{v,R),a = -fvai(i,,_R'),Q n i? = hs\(v,x„),a ■ R' nR = 

Ival{v,X„),a ■ R- n 

Lemma 5.2.4. Let Xy: be a toric variety with a toric action of T. Let f : U ^ Xy: be a smooth T- 
equivariant morphism. Let v G int(cr), where cr G S, be an integral vector. Assume that the inverse image of 
Oa is irreducible. Then there exists a T-invariant valuation fi on U, such thatT^ ^ = f~^{^va\{v).a) ' Ou ■ 

Proof. Let x belong to the support supp(/^^(Xvai(t)),a) • Ou) — f~^{Oa). Then f{x) G Or, where r > cr. 
Let TT : Xr Xr_ denote the natural projection. Then 'I.ja\{v,x^),a — '^^'^{^wa.\{v,x^,a) • Ox^- Thus it suffices 
to prove the lemma replacing Xy. with Xr_ and U with the inverse image U' of Xr- Let Ux C U' be an open 
neighborhood of x for which there exists an etale extension f :Ux ^ ^rxrcg(r)- It defines an isomorphism 
/ : Xx — ^rxrog(T)- The toric valuation ya[(v,Xr) defines the toric valuation val(i;, X^xrcg(r)) and the 
corresponding valuation JI^ on Xx- By Lemma 5.2. 3| , JLx determines the valuation fix of Ox,x such that 



{^tj.^M)x — f ^(2vai(D),a) • Ox,x- Thus fix IS a valuation on Ux supported on the irreducible set f~^{Oa). 
Note that both sheaves of ideals T^^^a and /^^(Ivai(i>),a) • Ox are equal in some open neighborhood Vx of x. 
Therefore the valuation Hy is the same for all closed point y G f~^{Oa) n Vx- Since f-'^{Ocr) is irredducibe 
the valuations fix are the same for all x G f~'^{Oa) and define a unique valuation fi. Since the sheaves of 
ideals f~^{Iva\{v),a) ■ Ox — ^n,a are F-invariant /i is also F-invariant. □ 

Let f : X ^ Y he a dominant morphism and be a valuation of K{X). Then denotes the valuation 

which is the restriction of ly to K{Y) ~ f*{K{Y)) C K{X). 

Let v he a valuation on X and T^ ^ be the associated sheaves of ideals. Let f : Y ~* X he a morphism 
for which f~^(T^^a) ■ Oy determine a unique valuation fionY such that for sufficiently divisible integer a, 
^n,a = f^^{Iv,a) ■ Oy- We denote this valuation by /i = f*{v). 

Definition 5.2.5. By a locally toric valuation on an F-toroidal variety X we mean a valuation v of K{X) 
such that for any point x G Z(z/, X) there exists a F-equivarinat F^j-smooth morphism cj) -.U —* X„ from an 
open F-invariant neighborhood t/ of a; to a toric variety X„ with a toric action of F such that /i ~ (/)*(val(w)), 
where v is an integral vector of cr. 

If /X is a locally toric valuation on X then by we denote the induced valuation on Xx — X^. 

Definition 5.2.6. By the blow-up h\i,{X) of X at a locally toric valuation ly we mean the normalization of 

Proj(C)©Xi.,i©2'^^2 ©...): 

Lemma 5.2.7. For any natural I, Proj(0 © X,.,! ©1^,2 ©...)= Proj(0 ©X^,,; ©Xj._2i ©...). □ 
Denote by h\j{X) X the blow-up of any coherent sheaf of ideals J'. 
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Lemma 5.2.8. Let X-^ be a toric variety associated to a fan Y, in N and w G |S| H N. Then blvai(i,)(^s) 
is the toric variety associated to the subdivision {v) • E. Moreover for any sufficiently divisible integer d, 
^'^va.\(v){^T.) the normalization of the blow-up ofX^^. 



Proof. It follows from Definition 5.2.6 that blvai(i,) (-'^'s) is a normal toric variety. By Lemma 5.2.1 , the 
sheaf of ideals Ivai{v),d is supported on Oa, where v g int(tT), ct £ S. By Ch.I, Th. 9, it determines a 
convex piecewise linear function / := ordj^^j^^j ^ : — > R such that that / = on any r G E that does not 
contain v, and f(u) — min{(m, u) | m € n M, {m, v) > d} for any r containing v. Assume that r contains 
V and let r' be a face of r that does not contain v. Let tHt-i.t G be a nonnegative integral functional 
on T which equals exactly on r'. Assume that d divides all (m^/^,-,!;). Then f\r'+{v) = f — ;;y • TOr',r- 
Consequently, 1^^1(1,),^ = Ivai{v)M and blvai(t,) (^e) = blx^^j^^,^ (Xs). By H Ch II Th. 10, the blow-up of 
^va.i{v),d corresponds to the minimal subdivision E' of E such that / is linear on each cone in E'. By the 
above, 

E' = E \ Star(o-, E) U |J r' + {v) = (v) ■ E. 

r'eStar(CT,i;)\Star((T,i;) 

Proposition 5.2.9. For any locally toric valuation v on X there exists an integer d such that 
.bl,(X)-blx„,,(X). 

• The valuation v is induced by an irreducible Q-Cartier divisor on h\u[X). 
Proof. By quasicompactness of X one can find a finite open affine covering Ui of X of charts (pi : Ui Xa 



□ 



such that the valuation v on each Ui (Z X is equal to (j)*{Y&\{vi). It follows from Lemma 5.2.8 that for any i 



there exists di that \Av{Ui) = hlj^ dX^i)- It suffices to take d equal the product of all di. □ 



5.3. Stable vectors and stable valuations. 

Definition 5.3.1. Let (X, S) be an oriented F-stratified toroidal variety. A locally toric F-invariant valua- 
tion V is stable on X if 

1. 7i{v, X) — s for some stratum s € S. 

2. For any x £s, v^^ is invariant with respect to any Fg-equivariant automorphism of {Xx, S), preserving 
orientation. 

Let f : Y ^ {X, S) be a toroidal modification of an oriented F-stratified toroidal variety. Then a valuation 
on F is called X- stable if /*(!^) is stable on {X, S). 

Definition 5.3.2. Let E be an oriented F-semicomplex. A vector vq G int((To), where cro G E, is Yi-stable 
on E if for any r > ctq the corresponding valuation Y3l{i^^^{v)) on X^ is ff^-invariant. A vector w G cr, where 
(T G E is Ti- stable if there is a stable vector G int((To)j where cro 1^ for which v — z^^(wo). 

Let E be an oriented F-semicomplex. For any ct G E set 

stab(cr) :— {a ■ V \ V £ a, v is a stable vector , a G Q>o}- 

Lemma 5.3.3. 1. Stable vectors v E a are Aut(a)'^ -invariant. 

2. For any g > t > a and any vector v G stab(cr), i^i'^{v) — i^{v). 

3. I J (stab (cr)) = i^(o') n stab(r) for any t > a. 

Proof.(l) Follows from definition. 

(2) By definition there is vq G int((To) for which v = t%g{vo). First we prove that for any t > a, we have 



By Definition 4.11.1 there is an automorphism ao G Aut((To)*^ which preserves the orientation such that 
*CT*CTo ~ ^ctqO^o- I3y Definition 5.3.2 the valuation val(wo) is G"^" -invariant on Xg-Q and hence vq is preserved by 



ao- This gives zjz^^(wo) = ^J^ao(wo) = i^oM ■ Now let g>T> a. By the above we have i^i'^^{vo) = i^^M 
Then z^,il{v)=iStl,{vo)^t$„M- 
Finally f^o) = (^^o) = *^(«). 
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(3) If w is a stable vector on a then by Definition 5.3.2 there is CTq < u and a stable vector vq G int((To) 
such that V — i'^^^^{vq). Then for r > cr, «J^„('Uo) — ^a'^aoivo) — i-ai''^) is stable on r. If w e n stab(r) 

then there is cto < cr and a stable vector wo G int(cro) such that w = *J(,(wo) = *J*cto(''^o) = ^ctI"*^)! where 

Example 5.3.4. Let E be a regular semicomplex and a — (ei, . . . , e^} G S. Then e := ei + . . . + Cfc is 
stable since it corresponds to the valuation of the stratum strata (t) on X„ . The subset s defines a smooth 
subvariety in a smooth neighborhood and therefore it determines a valuation. If we blow-up the subvariety 
stratx(o') then this valuation coincides with the one defined by the exceptional divisor. 



Example 5.3.5. Consider the stratified toroidal variety from Example 3.1.13| . The valuation of the 
point (0,0) corresponds to the vector (1, 1) G iV, the valuation of s = x {0} corresponds to the vector 
(0,1)^ N. Then |Stab(S])| = ((1, 1), (0, 1)). The valuations from ((1, 0), (0, 1)) \ ((1, 1), (0, 1)) are not stable: 
Let A2 ^ A2 be the blow-up of the point (0,0) G A^. The valuations from ((1,0), (0, 1)) \ ((1, 1), (0, 1)) are 
centered on A^ at ^2 H £> or I2 (using notation from Example 3.1.13 ) and the automorphism : A^ A^, 
4>{xi, X2) = (a^i + X2,X2), preserves strata and moves the subvarieties I2 and I2 n D. In particular it changes 
the relevant valuations. 



Lemma 5.3.6. Let {X,S) he a T-stratified toroidal variety with the associated oriented T -semicomplex S. 
The following conditions are equivalent: 

1. v is stable on X. 

2. There exists a stable vector v G int(cr), where cr G S, such that for any t > a and any chart cj) :U ^ Xt 
we have v = 0*(val(i^(t;))). 



Proof. Let x denote a closed point of stratx(o'). Then x G stratx(T), where t > a. The valuation v on 
X de term ines a C^-invariant valuation on Xx — Xj- which is in particular a toric val uation so, by Lemmas 
|3.2.2 and 5.2.1 it corresponds to a unique v G \nt{a). Thus v is stable and ,by Lemma 5.2.4 , v = (/>*(val(w)). 



Let w be a stable vector. The valuation val(t') determines a monomial valuation v :— (/)*(val(?;)) on X^, 
where x G stratjs:((T) HU. Since val(?;) is ff^-invariant on Xr for any t > a we see that v^-^ is invariant with 
respect to any ra;-equivariant automorphism preserving strata and orientation. Moreover z/| and 1/ do not 
depend on 0. □ 

Lemma 5.3.7. Let f :Y —t X be a toroidal modification of a T-stratifled toroidal variety (X, S) associated 
to a canonical subdivision AofT,. The following conditions are equivalent: 

1. u is X-stable on Y . 

2. There exists a Yi-stable vector v G int((T), where a G S, such that for any t > a and morphism 
(pl : f^^[Ur) Xi\T J induced by a chart (f)T- : Ur ^ X^ we have v = 0^*(val(w)). 

Proof. Let y G 2i(y,Y), x = f{y) G X and (j) : U ^ X^ be a chart at x. We can extend this r°'-smooth 



morphism to an etale morphism (j) :U X^. By Lemma 5.3.6 we have v = <j)* (yal(v)) for some stable vector 

W G (T. 

Consider the fiber squares 



f-Hu) 




Y xXx - 


^ x^ 


If 




If 




u 









where 0^ is the induced etale morphism and i is a toric morphism. Then </> as well as ipa are isomorphisms 
and we have v — f~^(f>*i^,{val{v)) ~ (/)^(val(w)) on Y XxXx. Consequently v — /^^0*i,(val(w)) — 0j(val(w)) 
since the above valuations coincide on f^^{U). □ 

Lemma 5.3.8. Let a and r be T-semicones in isomorphic lattices N„ ~ Nr, and L he a field containing K. 
Consider the induced action ofT on L[[a'^]] and L[[r^]] which is trivial on L. Let ip : L[[a^\\ ~ L[[t^]] be a 
T-equivariant isomorphism over K. Let v„ G int(cr) be a minimal internal vector of a. Then there exists a 
minimal internal vector v^ G int(T) such that ■i/;^(val(fcr)) = val(i;^). 
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Proof. Note that va\{vcr){f„) > and il'*{v<ii{va)){fT) > Oi for any functions G mg., /t G TOt from 
the maximal ideals m„ C L[[o'^]] and C L[[r^]] respectively. The dual cone of regular characters 
defines a subgroup in the multiplicative group of rational functions. The valuation '(/;*(val(wo-)) determines 
a group homomorphism of that subgroup into Z and hence defines a linear function on corresponding 
to a vector Vr G int(r). We have to show that val(t;r) — ^p*{val{va)) (it is not clear whether ■!/)*(val(wcr)) is 
monomial with respect to characters). By Lemma [3.1.3| , V'*(val(z;o-)) > val(tir). Let v'^ € int(cr) correspond 
to the linear function determined by (vslI^Vt)) on the cone tr^. Then val(w^) = ?/'"^*V'*(val('u^)) > 
{va\{vr)) > val(u^). Finally, val(uo-) > val(w^). By the minimality of Uo- it follows that Vo- = v'^ and 
val{va) = V'~"^*(val(w7-)) = val(u^), or equivalently V'*(val(uo-)) = val(wT-). 

We need to show that v^. is a minimal internal vector. Suppose it isn't. Write Vr = Vro + f^i, where 
G int(T) and v^i G r. By the above find Wo-o G int((T) such that val(?;o.o) — '0^^*(val(?;T-o))- Then 
val(uo.) = i'val{vr)) > ijj^^* {va\{vro)) = val(uo.o)- By the minimality of v^, we get v„ = Va-o and 

Lemma 5.3.9. Let a be a T-semicone and v ^ a he a vector such that for any (p G G" there exists E a 
such that 0*(val(w)) = yal{v^) . Then val(u) is -invariant. 

Proof. Set X := S := S^, x :— O5-. Let W denote the set of all vectors G cr for all G Aut(X, S). 
For any natural a, the ideals /vai(!;^),a {/ G Ox,x \ val(u0)(/) > a} are generated by monomials. They 
define the same Hilbert-Samuel function k <:\m\K{K[X]/{I + to*^)), where m denotes the maximal ideal. 
It follows that the set W is finite. 

On the other hand since the ideals Iva.\(v^),a are generated by monomials they can be distinguished by the 
ideals gr(/vai (v^),a) in the graded ring 

gr(Cx,x„) = Ox,x/m^.x ® m^,x^ Im^^^, ® ■ ■ ■ 
where m^.x C Ox.x is the maximal ideal of the point x. 

Let d : Aut{Xcr, SaY^ Gl(Tanx,K) be the differential morphism (see Example 4.5.4| ). Then the connected 



algebraic group d(Aut{Xcr, SaY) acts algebraically on the connected component of the Hilbert scheme of 



graded ideals with fixed Hilbert polynomial (see Example 4.5.4) . In particular it acts trivially on the finite 



subset gr(/vai(t,^),a), and consequently Aut{Xcr, S'a)° preserves aU /vai(t,^).a- □ 

Lemma 5.3.10. Let a be a T-semicone and Xa" — > be a -equivariant morphism. Then all its 
exceptional divisors are G'^ -invariant. 

Proof. Any automorphism g G maps an exceptional divisor D to another exceptional divisor D' . 
Hence the valuation valjj defined by D satisfies the condition of the previous lemma, and therefore it is 
G"^-invariant. □ 

Definition 5.3.11. Let cr be a F-semicone. A valuation val(v), where w G ct, is G" -semiinvariant if for any 
4> eG'' there exist w' G a such that (/)*(val(?;)) = val(t;')- 

By abuse of terminology a vector u G cr will be called G" -semiinvariant (resp. G"^ -invariant) if the 
corresponding valuation val(u) is G"^-semiinvariant (resp. G"^-invariant). 

Definition 5.3.12. Let E be an oriented F-semicomplex. v G int(cr) is semistable if for any t > cr, val(v) is 
G^-semiinvariant on Xr- 

Let Vert(E) denote the set of all 1-dimensional rays in the fan E. 

Definition 5.3.13. Let ct be a F-semicone and Xa^ X^ be a G"^-equi variant morphism. A cone 5 G A"' 
is G'^ -invariant if 

1. there is r < cr such that int((5) C int(T), 

2. O5 C Xa" is G"^-invariant. 

Definition 5.3.14. Let A be a canonical subdivision of an oriented F-semicomplex E. A cone 5 G A*^, 
cr G E is called a Yi- stable face of A if 

1. int((5) C int(cr), 

2. i^((5) G A'^ is C^-invariant for any r > cr. 
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Lemma 5.3.15. Let Let a be aV- 



semicone an 



dX 



A' 



X„ be a -equivariant morphism. 



1. All G" -semiinvariant vectors v £ a are G'^ -invariant. 

2. Vert (A'^ ) \ Vert (ct) are -invariant. 

3. Let S be a G"^ -invariant face of A"' . Then any minimal internal vector v G int((5) are G"^ -invariant. 

4. Let S be a T -indecomposable face of A" . Then 5 is G" -invariant and all its minimal internal vectors 
V are G"^ -invariant. In particular all minimal generators of any face S G A°' are G'^ -invariant. 

5. Let S e A'^ be a minimal face such that mt{S) C int(r), where r ^ {0}. Then S is G" -invariant and 
mt(6) contains a G"^ -invariant vector. 



Proof. (1) Follows from Lemma 5.3.9| . (2) Follows from Lemma 5.3. 10| . (3) By Lemma 5.3.S, v is G" 
semiinvariant. By (1), v is G"^-invariant. 



(4) Let r ^ cr be a face of a such that mt{6) C int(r). By Lemmas [4.12.8| and |4.12.4 A'^jr = A'^|ti;(T)er(r) 
for some regular cone ^(r). Since 5 is F-indecomposable we conclude that S G A"'\uj{t) and t = lu{t) < a. 
By definition G" acts on Xi^a and consequently on strata from the stratification Sing'"(XA<') (see Lemma 



4.7.4) 



Let singo G Sing(XA'') denote the stratum corresponding to indecomposable face &q G A'^. 

The images of the G'^ action on singo form a finite invariant subset of strata Singo G Sing(XA'') . AH 
strata from Singo correspond to some isomorphic cones bi G A"^ for i — 0,... ,1. Let v G int((5) be a 
minimal internal vector. Then by Lemma 5.3.8 for any G ff^ the image 0, (val(u)) is a valuation on X^t 
corresponding to a minimal internal vector of 5i. Hence v is G"' -semiinvariant and by (1) it is G'^-invariant. 
By Lemma 2.1.2 each minimal generator is a minimal internal vector of some indecomposable cone S, hence 
by the above it is G'^-invariant. 

(5) For any t > a the cone S corresponds to the maximal component Os in Xa" which dominates 
Ot C Xc . Then G"^ permutes the set of maximal components of the inverse image of Or dominating Or and 
we repeat the reasoning from (4). □ 

Remark. The above lemma holds if we replace G" with its connected proalgebraic subgroup. 



As a direct corollary of Lemma 5.3.15 is the following 



Lemma 5.3.16. Let A be a canonical subdivision of an oriented T-semicomplex E. 

1. All the semistable vectors in E are stable. 

2. For any a G all elements o/Vert(A'^) \ Vert(CT) are Y^-stable. 

3. Let 5 be a Y,-stable face of A. Then any minimal internal vector v G int((5) is Ti-stable. 

4. Let S be a T -indecomposable face of A'^ . Then S is Y,-stable and all its minimal internal vectors are 
stable. In particular all minimal generators of any face 5 G A"' are Yi-stable. 

5. Let S G A"" be a minimal face such that mt(6) C int(cr), where a ^ {0}. Then 6 is T,-stable and int((5) 
contains a Y,- stable vector. □ 



5.4. Star subdivisions and blow-ups of stable valuations. 

Proposition 5.4.1. 1. Let E be an oriented T-semicomplex and fi,... be Ti-stable vectors. Then 
A := (vk) ■ . . . ■ (vi) ■ T, is a canonical subdivision ofT,. 
2. Let (X, S) be a T-stratified toroidal variety with an associated oriented T-semicomplex E. Let wi, . . . ,Vk 
be stable vectors and i^i,... ,1/^ be the associated stable valuations. Then the composite of blow-ups 
bly^ o . . . o bljyj : Xk X is the toroidal modification of X associated to the canonical subdivision 
A:= {vk)-...-{vi)-J: ofY. 

Proof. Induction on k. Let A^ := (vk) ■ . . . ■ (vi) • E be a canonical subdivision corresponding to / := 
bl^,, o . . . o bli/j ; Xk — > X. Then w^+i G int(CT) defines an X-stable valuation Vk+i on Xk- It follows from 
that for any chart (j)a ■ ^ X„ the blow-up of f^^{Ua) C Xj at Vk+i = (/)^*(val(wjt+i)) corresponds 



1 



.3.7 



to the star subdivision of A^ at Wfc+i. □ 
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6. Correspondence between toroidal morphisms and canonical subdivisions 



6.1. Definition of stable support. By Lemma 5.3.3 we are in a position to glue pieces stah{a) into one 
topological space. 

Definition 6.1.1. The stable support oi a, T-semicom-p\ex E is the topological space Stab(I]) := {j^f^^ stab((T). 

Let G C Aut(Xo-) be any abstract algebraic group. Let Iq denote the set of G-invariant toric valuations 
on X^. Set 

Inv(G', a) := {a-v \ val(w) G /g, a e Q>o}, Inv(CT) := Inv(G°", a). 
Lemma 6.1.2. Let T, be a T -semicomplex. 

1. stab(cr) nint(a-) = r\r>a^'^^('^) nint((T). 

2. stab(cr) = Ur<^(stab(T) n int(T)). 

Proof. Follows from the definitions of stable valuation and stable support. □ 

6.2. Convexity of the stable support. 

Lemma 6.2.1. 1. For any abstract subgroup G C Aut(Xo-) the cone Inv(G, cr) is convex. 
2. Let be a T -semicomplex. Then for any cr S S, stab(cr) is convex. 

Proof. (1). Let vi,V2 G Ig and blvai(ui) o blvai(«2) '■ ^{ui> (t)2) o- ~^ be the toric morphism. The induced 
niorphism {h\vs\{vi) ° blvai(i;2)r- ^(i'i> (i'2) ct X„ is G-equi variant. The exceptional divisors Di,D2 

of blvai(„i) o blvai(i;2) correspond to vi,V2 G cr. The Di and D2 intersect along a stratum Or corresponding 
to the cone r :— {vi,V2)- Then X^- is a G-invariant local scheme of toric variety at the generic point of the 
orbit Or and {Di, D2,Ot} is the orbit stratification on (Xr) which is also G-invariant. 

Let ui,... ,Uk denote semiinvariant generators of Ox^,o^ — K{Or)[[ui, . . . Each automorphism 

from G preserves the orbit stratification and multiplies the generating monomials Ui by invertible functions. 
Therefore it does not change the valuations val(i;), where ti G r, on Ox^.Or — K{Or)[[ui, . . . ,Uk]]. 



(2) Follows from (1) and from Lemma 6.1.2 □ 



6.3. Toroidal embeddings and stable support. 
Lemma 6.3.1. Let {X,S) be a toroidal embedding. Then 

1. All integral vectors in the faces a of T, are stable. 

2. All subdivisions of S are canonical. 

Proof. (1) Each automorphism g from G'^ preserves divisors, hence multiplies the generating monomials by 
invertible functions. Consequently, it does not change the valuations val(w), where f G cr, on Xa-. 

(2) Let A°' be a subdivision of cr. For any S G A'^ each automorphism g of X^- lifts to an automorphism 
g' of Xs = X^ X-^ which also multiplies monomials by suitable invertible functions. Therefore g lifts to 
the scheme Xj\<, . □ 



6.4. Minimal vectors and stable support. 

Lemma 6.4.1. Let a be a T-semicone and X^^ — ^ X^ be a G" -equivariant morphism. 

1. Let 5 G A'^ be a simplicial cone where cr G S. Then all vectors in par((5) are Y,-stable. 

2. Let S G A°^ be a G"^ -invariant simplicial face. Then all vectors from par((5) fl int((5) are G"^ -invariant. 

Proof. (1) Each v G par((5) is a nonnegative integral combination of minimal generators of S. Minimal 
gener ators of S are G'^-invariant by Lemma 5.3.15| (4). Their linear combination is G°'-invariant by Lemma 



16.2.1 



(2) Let V G par((5) n int((5). Write 6 = {wi, . . . , Wk) and v = cnWi, where Q < ai < 1. If u is a minimal 
internal vector then it is G'^-invariant by Lemma 5.3.15(3). If not then v = v' + w", where v' = '^PiWi, 
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< (3i < ai < 1, is a, minimal internal vector and v" = ^(a.; — Pi)wi G par((5). By (1) and Lemma 6.2.1 



is G"' -invariant. □ 
A direct corollary from the abo Lemma is the following Lemma. 

Lemma 6.4.2. Let A be a canonical subdivision of an oriented T -semicomplex E. 

1. Let S G A"' be a simplicial cone where cr G S. Then all vectors in par((5) are 'E-stable. 

2. Let S G A"' be a Yi-stable simplicial cone. Then all vectors from par((5) nint((5) are T,-stable. □ 

6.5. Canonical stratification on a toroidal modification. 

Lemma 6.5.1. Let A be a canonical subdivision of an oriented T -semicomplex S. For any cr G S set 

A,-tab := {-5 G A- I int(5) n stab(a) ^ 0}. 

Then 

1. Ag^g^jj C A*^ is an embedded T ^-semifan in N^. 

2. The subset A'^^.^^ C A*^ consists of all "E-stable faces in A*^. 

3. For any r < a, A-gJz-(r) = lUKt.J- 

4. For any cr G S, the stratification S'^^^^ on X^" determined by the embedded T-semifan A^^^^ C A*^ is 
C -invariant. 



Proof. (1) By Lemma |6.2.l| , stab((T) is convex and there is a unique maximal face uj ^ S whose relative 
interior int(w) intersects the stable support. Thus uj G A^^^j^. By Lemma 5.3.1£(4), either sing'"(5) — {0} or 
int(sing'"((5)) fl stab((T) 7^ 0. In both cases sing'" ((5) < lj and consequently S = uj (B^ I'i'^), for some regular 
cone r{5). 

(2) If (5 G A'^ is E-stable then by Lemma 5.3.16 (3) its minimal internal vector is E-stable. Therefore 
6 G A^^g,^. If the relative interior of 5 G A^^^j^ contais a stable vector v G int(T), where t < a, then 
int((5) C int(T), S G Al^.^y^, and for any g> t, the closure of O^ef^g-^ c X^g is exactly the center of val(u), and 
therefore is G^-invariant. 

(3) (4) follow from (2). 

□ 

As a simple corollary of the above we get 

Lemma 6.5.2. There is a T -semicomplex Agtab obtained by glueing the semicomplexes Ag^^^™"^ along AJj.|^™*'^, 
where t < a. □ 

Proof For any uj G A^^I™"^ denote by ^{llj < a the semicone in E for which int(aj) C mt{a{u!)). Then 
^ G ^stab • Foi- ^ e A^12 and 7 G A^l^ , write w < 7 if g(uj) < a{-,) and < 7- 

Then for w < 7 we set := and F^^ := (r^^^-^)^. □ 

Proposition 6.5.3. Let (X, S) be an oriented T-stratified toroidal variety with an associated oriented F- 
semicomplex E. Let Y be a toroidal modification 0/ (X, 5*) corresponding to a canonical .subdivision A ofT,. 
Then there is a canonical stratification RonY with the following properties: 

1. Let (pl : f^^{Ucr) — > X/^a denote the morphism induced by a chart <j)„ : Ua ^ X„. The intersections 
r n f^^iJJa), r E R are precisely the inverse images of the strata associated to the embedded T-semifan 
A.UcA-. _ 

2. The closures r of strata r G i? are centers of X -.stable valuations on Y. 

3. The T -semicomplex associated to {Y, R) is equal to Tir = Agtab o,nd the atlas is given by U^^es ^(^'^: ^^tab)- 

4. The stratification R is the finest stratification on Y satisfying the conditions: 

(a) The morphism f maps strata in R onto .strata in S . 

(b) There is an embedded semifan ff^ C A'^ such that the intersections rC\f^^(lJa), r G R, are inverse 
images of strata of Sn^ ) on {X^^ . 

(c) For any point x every Tx-equivariant automorphism a of X^ preserving strata and orientation can 
be lifted to an automorphism a' ofYxx X^ Y preserving .strata. 

Proof. For any face ui G A^^^^^^ we find a E-stable vector v^j in its relative interior. By Lemma 5.3.6| the 
vector corresponds to an X-stable valuation ly^^ on Y. We define the closure of a stratum r E R asociated 
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to Lo to be 



r :— straty(w) :— T^{v^\ 

Then define the stratum r as 

r := straty((jj) := straty(ti') \ straty (cj'). 



By Lemma 3.1. ^ the strata strat(a;) of the stratification associated to the embedded semifan A^^^^f^ C A*^ 
satisfy the condition strat([j) — Z(val(w;j), Xa-'), strat(a>) strat([x)) \ IJ^,^^ strat(w'). It follows by the 
above that the sets r define stratification R satisfying conditions (1), (2) and (3). 

(4) Since the strata of i? on y are defined by centers of X-stable valuations, conditions (a), (b) and (c) 
are satisfied. 

Let Q be a stratification on Y satisfying conditions (4a), (4b) and (4c). 

For the morphism 0^ induced by a chart and for any x e J/o-, let 0^ : y xx — *■ ^^i^" be a 
G° ~ Aut(X2;, S')°-equivariant isomorphism of formal completions mapping the strata of Q isomorphically 
onto the strata of Sq.o on Xa-^ defined by the embedded semifan O'^ C A'^ 

By (4a) the strata of Sw on Xa'^ are G"^-invariant. Hence for any two isomorphisms : Y Xx Xx — > 
Xa" , where i — 1,2, induced by charts (j)c,^i the induced automorphism {(f>l 2)""'^ ^ of Xa" maps 6*0 j 
to Sn^. Since both stratifications are G"^-invariant we get Sq^ = Sn^, ilj — ^2- Hence ft"^ does not depend 
upon a chart. Consequently, ii t < a then ri°'|T = «^(ri'^). By condition (4a), the relative interior of a face 
u! G is contained in the interior of a face t < a. Moreover the closure O^^^-^ C Xqq is G^-invariant for 
any g > r. This shows that all faces ui ^ ^l"' are E-stable. Consequently, O'' C A^^^^j, and finally by Lemma 
[3.1.9 . the corresponding stratification Sa" is finer than Sn^ . □ 



6.6. Correspondence between toroidal morphisms and canonical subdivisions. Proposition 6.5.3 
can be rephrased as follows: 

Theorem 6.6.1. Let {X,S) be an oriented stratified toroidal variety (resp. T-stratified toroidal variety) 
with the associated oriented semicomplex (resp. T -semicomplex) E. There is al — 1 correspondence between 
the toroidal morphisms of stratified (resp. T-stratified) toroidal varieties f : iY,R) — > {X,S) and canonical 
subdivisions A of the oriented semicomplex (resp. orineted T -semicomplex) S. Moreover the semicomplex 
(resp. T -semicomplex) associated to (Y, R) is given by E/j = Agtab- D 



Remark. In particular, if {X,S) is a toroidal embedding (see Lemma 6.3.1) then S is a complex and all 
its subdivisions are canonical (Lemma |6.3.1 ). We get a 1-1-correspondence between the subdivisions of the 
complex E and the toroidal morphisms (Y.R) {X,S) (see [p9[). 



Example 6.6.2. Let X be a variety with isolated singularity of type 2^10:2 = 3^32:4 with the stratification 



consisting of the singular point and its complement (as in Example 4.10.7). Then the associated semicomplex 
E consists of the cone over a square and its vertex. As follows from Example 13.3. 1| the stable support consists 
of the ray over the center of this square. Consequently, by Proposition 7.6.1 there are three canonical 
nontrivial subdivisions of E. One is the star subdivision at the stable ray corresponding to the blow-up 
of the point. Then Agtab consists of the ray and its vertex and corresponds to the toroidal embedding 
defined by the exceptional divisor and its complement. The other two are subdivisions defined by diagonals 
corresponding to two small resolutions of singularities. Agtab consists of the cone over the diagonal and 
its vertex and corresponds to the smooth stratified toroidal variety with the stratification defined by the 
exceptional curve-the preimage of the singular point and its complement. 

The language of stratified toroidal varieties allows a combinatorial description of the Hironaka twist . 

Example 6.6.3. (j29)) Let X = P'^ be a projective 3-space containing two curves h and I2 intersecting 
transversally in two points pi and p2 . These data define a stratified toroidal variety {X, S) . The associated 
semicomplex E consists of two 3-dimensional cones cti and (72 corresponding respectively to the points pi 
and p2, and sharing two 2-dimensional faces ri and T2 corresponding to li and I2. The Hironaka' twist Y is 
obtained by glueing the consecutive blow-ups of X \ {pi} at li and I2 taken in two different orders, along the 
isomorphic open subsets over X \ {pi} \ {^2}- Then 1" is a stratified toroidal variety. The preimage of pi 
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consists of two irreducible curves In and li2 intersecting at piQ. The stratification T on y is determined by 
the above four curves, two points and two exceptional divisors-preimages of curves. Let Vi denote the sum 
of the two generators of r,; . Let denote the sum of the generators of ct^ . 

A is the subdivision of S obtained by glueing the consecutive star subdivisions of ai at {vi) and (772) 



taken in two different orders, along the star subdivisions of at {vi). It follows from Example 13.3.2 that 
Stab(E) is the union of the cones (wi, V2,v^) C cti and {vi, V2,v'^) C (T2- Then Astab consists of the relevant 
cones in A whose relative interior intersects Stab(S). These cones correspond to the above mentioned strata 
on Y. 

7. Canonical subdivisions and stable support 
7.1. Isomorphisms of local rings and linear transformations of stable supports. 

Lemma 7.1.1. 1. Let a and r be two cones of the same dimension. Let ip : 2± Xt he an isomorphism 
preserving the closures of the toric orbits. Then there is a linear isomorphism L^ : a t such that 
?/'*(val(w)) = val(L^(u)) for any u G cr. 
2. Let a and r be two T-semicones of the same dimension. Let ip : X^ 2± X^ be a T-equivariant iso- 
morphism preserving strata. Then there is a linear isomorphism L^ : Inv((T) — > Inv((T') such that 
ip*{va\{v)) = val(L^(v)) for any v G Inv(CT). 

Proof. 

(1) The isomorphism ip maps the divisors of the orbit stratification on X^ to the divisors of the orbit 
stratification on Xr . Consequently, the local semiinvariant parameters at are mapped to local parameters 
at Or which differ from semiinvariant ones by invertible functions. This defines a linear isomorphism of cones 
L : a ^ T mapping faces of a corresponding to strata to suitable faces of r Let ipL '■ ~ X^ denote the 



induced morphism. Then (j) :— V'l^V' is an automorphism of X„ preserving strata. By Lemma 6.3.1 the 
automorphism cj) preserves all valuations, hence V'*(val(u)) = ■0L*(val(?;)) = val(L(u)). 

(2) Let vi,V2 € Inv((T). Then ■!/'*(val(wi)) and '0*(val(w2)) are C^-invariant, and correspond to v[,v'2 G 
Inv(T). Set A'^ = {v2){vi) ■ a and A^ = (wz)^) • t. 

The isomorphism ip : X^ — Xr lifts to an isomorphism : Xa'^ — Xa^- Let Di and D2 (resp. D[ 
and D'2) denote the exceptional divisors on Xa^^ (resp. Xa^) corresponding to vi and V2 (resp. v[ and v'2) 
The generic point of intersection p -.^ Di D D2 is mapped to the point of intersection p' :— D[ n D'2. Set 
Si :— {vi,V2) G A'" and ^2 := {vi,V2) G A^ . Then {Xs^, {Di, D2,p}) is a formal completion of a toroidal 
embedding which is mapped to (Xg^, {D'l, D'2,p'}). 

By (1) 4'* determines a linear transformation on (ui,U2) and consequently a linear transformation of 
Inv(cr) which is a linear isomorphism. □ 

Definition 7.1.2. Let cr be a F-semicone. A vector G int(cr) is absolutely invariant if val(ucr) is invariant 
with respect to Aut(Xcr). 

Lemma 7.1.3. Let a be a T-semicone. There exists an absolutely invariant vector v G int(CT). 

Proof. We can assume that a — a replacing cr, if necessary, by the F-semicone a :— crU |cr|. Let v G int(cr) be 
a minimal internal vector which by Lemma ^.3.16| (3) is a stable vector. By Lemma ^.3.8 for any g G Aut(Xo-), 



(7*(val(w)) = val(w'), where v' , is also minimal. The set W of minimal vectors is contained in par(cr) and 
therefore it is finite. By the above, Aut{Xa-) acts on W. Let denote the sum of all the minimal vectors. 
By Lemma [7.1.l| , AvLt{Xa-) acts on Inv (cr) D W and therefore it acts trivially on Va- □ 

7.2. Initial terms defined by a monomial valuation. 

Lemma 7.2.1. Let F{xi, . . . ,Xk) G K[xi, . . . ,Xk] be a quasihomogeneous polynomial of weight w{F) with 
respect to weights w{xi), . . . ,w{xk). Let v be a valuation of a ring R and ui, ... ,Uk G R be such that 
v(ui) > w(xi). Then v{F{ui, . . . > w{F). If F belongs to the ideal (xi, . . . ,Xk) and v{ui) > w{xi) for 

i = I, . . . ,k then v{F{ui, . . . , Uk)) > w{F). 



Proof. The proof can be reduced to the situation, in which case is a monomial when it immediately 
follows from the definition of valuation. □ 
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Definition 7.2.2. Let be a monomial valuation of . . . ,Xk]] with a basis xi, ... ,Xk and weights 

ai, . . . , Ofc > 0. For / G -ft^ [[a^i, . . . , x^]] let / = /o + /i + . . . be a decomposition of / into an infinite sum 
of quasihomogeneous polynomials such that i^(/o) < < . . . . Then by the initial term of / we mean 

inj,(/) = /q. Let G — (Gi, . . . , Gk) be an endomorphism of -fsr[[a;i, . . . , Xk] such that Xi i-^ Gi. Then 

in^(G) := (in^(Gi), . . . ,in^(Gfc)) 

is the endomorphism determined by the initial terms of Gi. 

Lemma 7.2.3. Let G = (Gi,... ,Gfc) he an automorphism of K^xi, . . . ,Xfe]] preserving a monomial val- 
uation v: G^[v) = v. Then hi^{G) is an automorphism of K[[xi, . . . ,Xk]] preserving v. Moreover for any 
f g K[[xi, . . . ,Xk]] we have in^(G(/)) = in^(G)(in^(/)). 

Proof. Write Gi = m^{Gi) + G^h, where v{G^h) > v{G^). 

For any / G K[[xi,... ,Xk\] write / = 'mu{J) + Jh, where v{fh) > i^{f)- Then we have G(/) = 
/(Gi,... ,G„) = in./(Gi,... ,G„) + /,,(Gi,... ,G„), where by Lemma It^j], i^(/,,(Gi, . . . ,G„)) >i/(/). 

m^{f){xi + yi, . . . ,Xk + Vk) is a quasihomogeneous polynomial in xi, . . . ,Xk,yi, ... ,yk with weights 
u{xi) = iy{yi), . . . , vixk) = i^ivk)- Write m„f{xi+yi, . . . ,Xk+yk) = in,^(/)(xi, . . . ,x„)+fh{xi,yi, . . . ,Xn,yn) 
where fh is a quasihomogeneous polynomial in the ideal (jji, . . . , j/„) • ... ,Xk,yi, ■ ■ ■ , yk]]- Applying 



Lemma 7.2.1 to Xi — in^iGi) and , yi — Gui we obtain 

(in,(/)(Gi,... ,G„)) =m.(/)(in,(Gi) + Gi,„... , in,(G„) + G„,0) = 
in^.(/)(in^(Gi), . . . , in^(G„))) + /;i(in^(Gi), . . . , in,^(G„), Gi;,, . . . ,G„/i)), 

where by Lemma [7.2.l| , i/(/,i(in^(Gi), . . . , in^(G„), Gi^, . . . , Gnh)) > v{f), which gives 

in,(G(/)) = in,(G)(in,(/)). 

Now let G-^ = (G'l, . . . , G;). Then by the above, 

G{xi) o G-\x,) - G^Gi, . . . , G„) = X, and 

in^(G-)(in^(Gi), . . . ,in^(G„)) = Xi. 
This shows that in^(G) and in,y(G^^) are automorphisms. They are defined by quasihomogeneous polynomi- 
als of i^-degrees i^(a;i), .. . ,v{xk)- It follows from Lemma [7. 2. l] that i^(in,y(G(/))) > and j^(in,y(G~^(/))) > 
v{J) for any / G K[[xi, . . . ,Xk]]- Consequently, j/(in^(G(/))) = iy{f). □ 

Lemma 7.2.4. Let ui, ... , m„ be local semiinvariant parameters on Xa- Write I\[Xcr] ~ K[[xi, . . . , Xk]]/I- 
Let v be a toric valuation on invariant with respect to the group of all automorphisms of Xa cen- 
tered at Og.. Then v defines a monomial valuation on K[[xi,... ,Xk]] with basis xi,... , x„ and weights 
i>{ui),... ,J^(it„). Moreover: 

1. Any automorphism g of K[Xa] extends to an automorphism G of K[[xi, . . . ,Xk]] preserving v and I. 

2. The automorphism iny(G) of K[[xi, . . . ,Xk]] defines an automorphism in,y(g) of K[Xa] preserving v. 

Proof. Any automorphism g of K[Xa] sends parameters ui,... ,m„ to gi — g*{ui),... ,gn = g*{un). 
Moreover v{gi) = v{ui) so we may assume that gi = Gi{ui, . . . , u„) are given by some formal power series 
Gi G K[[xi,... jXk]] of i/-weights v{ui). Let h — g^^, and let hi = h*{ui),... ,hn = h*{un) be given 
by some formal power series Hi G K[[xi, . . . ,Xk]] of z^-weights v{ui). Then v{Hi{Gi, . . . ,Gk)) > i^{ui). 
On the other hand Hi{Gi{ui, . . . , . . . , Gk{ui, . . . , u„)) — Ui. Hence {Hi{Gi, . . . , Gk) — Xi) G /. In 
other words Hi{Gi, . . . , Gk) — Xi -\- Fi{xi, . . . , Xk), where v{Fi) > v{ui) and Fi G /. Consequently, for any 
FgK[[xi,... v{F) > v{F(Gi,... ,Gk)). 

Let m C i4r[[a;i, . . . ,Xk]] be the maximal ideal. By definition rajijr?' + /) = rajrr?' and thus / C rri} . 
This gives Fi G m^. Then the ring automorphism $ := iJ o G of K\^x\^... ,a;fe]] can be written as a 
JC-linea r tran sformation $ ~ id + F, where F{K\}X\^ . . . ,a;fc]]) C / and F{m'-) C to*+^. It follows from 
Lemma |7.2.1 that for any formal power series x G -fC[[xi, . . . i/($(a;)) > i'{x) and hence v{F{x)) > 

mm{iy{(j){x)), ^{x)} = v{x). The inverse of <i> can be written as <I>~^ = id+F', where F' = —F+F'^ — F'^-\-. . . . 
By the above F'{K[[xi, . . . ,Xfc]]) C / and v{F'{x)) > v{x)^ which shows that v{^~^{x)) > i'{x) and finally 
i'{^~^{x)) = i'{x). Hence G and G~^ = <I>^^ o H are automorphisms satisfying z^(G~^(a;) > ^{x). By 
Lemma [7.2.1 and the above, zy(G(x)) > v{x) for any x G if[[a;i, . . . ,Xk]]- Hence v{G{x)) — i^ix). We have 
shown that any automorphism g of K[Xa-] is defined by an automorphism G of iir[[xi , . . . , Xk]] preserving the 
valuation v and the ideal /. Then by Lemma 7.2.3, m^{G) is an automorphism of -fC[[a;i, . . . , Xk]] preserving 
the valuation v and the ideal hi^{I) = I. Therefore it defines an automorphism in,y(G) of K[Xa-]. □ 
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7.3. Structure of the group of automorphisms of the completion of a local ring of a toric variety. 

Lemma 7.3.1. Let a be a T-semicone. Let v he the valuation on associated to the absolutely invariant 
vector Va- Let :~ Aut^(Xo-) denote the group of all quasihomogeneous automorphisms with respect to 
semiinvariant coordinates on with weights detrmined by v. Then 

1. is an algebraic group. 

2. There is a surjective morphism $ : Ant(X^) Ant,y{X^) defined by taking the lowest degree quasiho- 
mogeneous part. 

3. The kernel ker^ o/ $ is a connected proalgebraic group. 

4. Aut(X^) = G;^ -ker^. 

5. For any g £ kero- there exists a morphism ig : kero- such that g = ig(l), id ~ ig{0). 

6. For any g g Aut(Xcr)° there exists a morphism ig : W := x (G5^)° — > Aut{Xa-)^ such that {5, id} C 

tgiW). 

Proof. Let ui, . . . ,Uk be semiinvariant parameters on X^ generating the maximal ideal of O^. Denote by 
mi, . . . , TOfc G a the corresponding characters. 

(1) Let Autj/(A'^) denote the group of all quasihomogeneous automorphisms of A*^. By Lemma 7.2.4, 



Aut^(Xcr) is isomorphic to the subgroup of Aut^(A'^) consisting of the automorphisms preserving I. The au- 
tomorphisms of Aut,y(A'^) are described by sets of k quasihomogeneous polynomials with weights i^(ui), . . . , v{uk) 
and having linearly independent linear terms. Thus A\xt^{A^) and A\xtu{Xa) are algebraic. 



(2) This follows from Lemma |7.2.1| and [7.2.4 



(3)(4)(5) The 1-parameter subgroup t f^" defines the action on X^, such that tptiui) = t^^^^'^-'^Ui = 
— where ai = ^{ui) is a i^-weight of Ui. The action defines an embedding K* < Aut(Xo.). 

Write g £ ker^- in terms of coordinate functions, g — {gi, . . . ,gk), where gi = g*{ui). Let a^^o = Q^i 
denote the i/-weight of gi and let gi = Ui + g^. ^ + . . . + g^. . + . . . be the decomposition according to 
i/-weights aifi < a^^i < . . . < aij < . . . . Define the morphism ig : K* — > kero- by ig{t) := tpt~^ ° 9 ° V't- 
Then {igit)y{u^) = (V-r' o.9o?At)*("») = (5 ° V't)*^""' =rt{t''"'9^) = i""' + + . . . + 

^"'"'ffai j +• • ■ ) == Ui+t"''^^"^^° goii 1 +■ • .+t°'^-^~°'^-" goi J +. . . . The above morphism extends to a morphism 
ig : A^ kero- "connecting" id to g. This shows that kerg- is connected. Note that maps the connected 
component Auti,{Xa-)'^ to the connected component Aut(Xo.)°. 

(6) Write g £ Ant{Xa,S)° as g ^ gi52, where gi G kerc,, 52 e G^. Then for t e and h G G^, set 
ig{t,h) ig^{t) ■ h. □ 

Lemma 7.3.2. Let a be a T-semicone. Then Aut{X„)'^ C Aut(Xcr) is a normal subgroup and there 

is a natural surjection Aut(CT) — > Aut(X(j)/Aut(Xo.)*'. 



Proof. Set G := Auti,(Arcr) — Auty(Xg.) (notation of Lemma 7.3.1). It follows from Lemma [7.3.1 that the 



natural inclusion G C Aut(Xo-) determines a group isomorphism G/G" ~ Aut(A'cr)/(Aut(Aro-))°. Then we 
get a surjection Ng{T)/T G/G^. Let H := AutT(A'cr) be the group of the F-equivariant automorphisms 
of Xcr, preserving the big torus T. It suffices to show that NciT) = H and H/T ~ Aut(cr). If g G Ng{T) 
then gTg~^ =^ T. Let .t G T C X^. Then gTg^^x ~ Tx or equivalently Tg~^x — g^^Tx. Since the latter 
subset is open, g~^x is in the big open orbit Tg~^x = Tx, in other words, g^^x G T which shows that 
g € H and Ng{T) C H. Let be the connected component of H containing id. Then Hq acts trivially 
on irreducible components of the complement of T,that is, on T-invariant Weil and Cartier divisors. Hence 
it multiplies characters by invertible functions on X-^. Invertible functions on T are monomials. Invertible 
monomials on X-^ are constants. Thus Hq acts on characters multiplying them by nonzero constants. This 
shows that Hq = T. Hence for any g e H, gTg^^ = T, which shows that Ng{T) D H. H/T can be 
identified with the subgroup of H preserving 1 G T C X-^, that is, the automorphisms mapping characters 
to characters. The latter subgroup is equal to the group Aut(cr) of automorphisms of embedded semifan 
a Ca. 

The restriction of an automorphism in Aut(CT) is an automorphism of cr. Any automorphism of a defines 
an automorphism of a = a x reg((T). Thus there are natural group homomorphisms i : Aut((T) Aut(CT) 
and p : Aut(cr) Aut((T) such that poi — ido-. Moreove r p cor responds to the restriction of automorphisms 
of to the subvariety Xg. x O^cgia) C X^. By Lemma 4.9.14 , p(Aut((T)" Aut((T)°. □ 
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7.4. Invariant and semiinvariant valuations. 

Lemma 7.4.1. Let v ^ a be an integral vector. Then val(ti) is an Aut{X a-)^ -invariant valuation on Xa- iff 
it is Aut{Xcy)- semiinvariant. 



Proof. (<^). If val(w) is Aut(Xcr)-seniiinvariant then it is Aut(Xo-)°-seiniinvariant. Hence by Lemma 
^.3.15K l) it is Aut(X^)°-invariant. I 
on val(ti) as the finite group Aut(cr) 



If val(u) is Aut(Xcr)-invariant then by Lemma 7.3.2, A\it{X^) acts 
Aut{Xa) / Aut{X crY^ . Therefore val(w) is Aut(ArCT)-seniiinvariant. □ 



Lemma 7.4.2. Let L be any algebraically closed field containing K . Thenval(v) defines Aut^Xa-)'^ -invariant 
valuation on X„ iff it defines an A\itL{X„)'^ -invariant valuation on X^. 

Proof. Follows from Lemma 4.5.3| (3). □ 

For a F-semicone a denote by lnv{a) the cone generated by vectors u £ \a\, for which valuations val(w, Xa-) 
are invariant with respect to Aut(Xo-)'^. 

Lemma 7.4.3. For a T-semicone a the two cones are equal Inv(cr) — Inv(cr). 

Proof. Note that ^[Xcr] = L[X^] for suitable L := K\[xi, . . . ,Xk\]. Let (L) denote the algebraic closere 
of the quotient field of L. Each automorphism of i4r[[cr^]] defines the automorphism of L[[(t^]] which is 
constant on L. Each automorphism in ^Aut(X(j)" determines an automorphism in Aut(A'£r)'', so that there 
is a monomorphisni of proalgebraic groups i : Aut(A"o-)*' Aut(A"(j)'^. Therefore if val(u,A"o-) is invariant 
with respect to Aut(Xo-)'' then it is z(Aut(XCT)°)-invariant. Since the subring K[Xa] C K[Xcr] is i{Aut{X„)^)- 
invariant then the restriction val{v,Xa-) of va\{v,Xa-) to X^ is Aut(Xo-)'^-invariant. 

Now, if val{v,Xa-) is Aut(A"CT)°-invariant then by Lemma 7.4.2| , it defines an Aut(i)(A"CT^'')°-invariant val- 
uation. By Lemma 7.4. l| , vb1{v, X^^'') is Aut(^')(xi^'')-semiinvariant. The proalgebraic group AntL{Xa) = 



AntL{Xa) is a subgroup (as an abstract group) of A-at(^^{Xa '). Thus the restriction val(w, X^) of val(w, X, 
is AutL(A"CT)-semiinvariant. By Lemma 4.7.1 any automorphism in Aut(A"o-) can be decomposed as 
(j) — where (/)o preserves monomials and (pi G AniL{Xa). Therefore val(w, X^) is Aut(X(j)-semiinvariant 

and consequently by Lemma 7.4.1 it is Aut(A'o-)'^-invariant. □ 

Lemma 7.4.4. Lf a < t then 

1. Inv((T) C Inv(r). 

2. stab((T) C stab(T) n a. 

Proof. (1) Let v E lnv{a). Any automorphism (/> G Aut(Ar7.) preserves the stratum strat((T) and thus defines 
an automorphism (j) of the completion of Y Xr at strat((T) which by Lemma 4.7.3 is isomorphic to the 
spectrum of the ring if [K3trat(o-)] = Ka[Xa\, where is the residue field of the generic orbit point O^. By 
Lemma fl.7.l| any automorphism (j) of Ku[Xu\ can be written as = (/>o</'i, where (j)Q preserves monomials 
and 4>i e A\iiK„{Xa). By Lemma 7.4.3, YB\{v,Xa) is Aut(A"CT)°-invariant. Let be the algebraic closure of 
Ka. By Lemma |7.4.2| , val(w, X^" ) is Aut^, [X^" )°-invariant. By Lemma [tXi] , val(w, X^" ) is Antx^ {X^" )- 
semiinvariant. Then its restriction val(w, A"^") is Autx^(A^'')-semiinvariant. Thus (/>i*(val(w, A^")) can be 
one of the finitely many toric valuations on X^" for any G AniK^{Xa). But then 0,(val(t;, K5trat(cr))) — 
(/)i*(val(w, ystrat((T))) can be one of the finitely many toric valuations on if [i^trat((T)] for all 4> G Aut(Ar). 
The restrictions of these valuations to the local ring of Xt at strat((T) define finitely many valuations on Xr. 
Henc e val(w, A^-) is semiinvariant and consequently invariant on X^. (2) Follows from (1) and from Lemma 
|6.1.2[ □ 



7.5. Group of divisor classes of the completion of a local ring of a toric variety. 

Lemma 7.5.1. Let a be a cone in a lattice N and A fee a suddivision a. Let X\ := Aa Xx„ X^. The 
following groups of divisor classes are isomorphic. (The isomorphisms are determined by the natural mor- 
phisms). 

1. C1(A,) 2± C1(A,), Pic(A,) ~ Pic(A,). 

2. C1(Aa) ^ C1(Aa), Pic(AA) ^ Pic(AA) . 
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3. For the affine toric variety X„ set A^xX^ :— lim^ x X^"' = Spec(/C[t] [Xcr]). Then 
C\{A^^X„) ~ Cl(AixX^) ~ C\{X^) , Pic(AixX„) ~Pic(AixX^) -Pic(X<,). 

4. For any subdivision IS. of a set A^xXa := (A^xXg-) Xx„ -^^A • T/ien 
CI(AIxXa) =i CI(AIxXa) =i C1(Xa), Pic(AixXA) ^ Pic(AixXA) ^ Pic(XA). 

Proof. Let wi, . . . denote the generators oi a f^ and let r = (ei, ... ,efc) denote the regular k- 
dimensional cone. Let tt : r — > <t be the projection defined by ■n{ei) — u,;. Then tt defines a surjective 
morphism of lattices tt : Nr No- whose kernel is a saturated sublattice N C Nr. Thus the projection 
TT defines the quotient map X^ X^ = X-yj /T for the subtorus T d Tt corresponding to the sublattice 
N C Nr- This also defines the quotient morphism a : Xr X„, where K[Xa\ = KlXrY' . 

Denote by C X^, To- C X^, the relevant tori and set Tr -.^ Xr xx^Tr C Xr, T^ '.^ X^ xx^Ta C X^. 
Then both schemes are nonsingular and let a' : TV ^ T^, be the restriction of a. We also have K\Ta\ = 

K[frf. 

The morphism a defines a group homomorphism ClCTcr) = Pic(To-) Pic(T'r) = Cl(Tr) = 0. The last 
group is since the ring K[Xr] as well as its localization K[Tr] are UFD. Let D be an effective Cartier 
divisor on T^. Then a*{D) is T- invariant and principal on Tr- This means that the ideal / of a*{D) is 
generated by / G K[Tr]. By multiplying by a suitable monomial we can asumc that / G K[Xr]'^ ■ Note that 
al\t- f, t G T also belong to /. Let Mr denote the lattice of characters of T. Let fp denote the component of 
/ with weight /3 G Mt- By considering K[Xr]/m'', where m C if[Xr] is the maximal ideal, we see that all 
fi3 + m'' £ I ■ K[Xr]/m''. Moreover / • K[Xr]/m'' is generated by all + m'^. This yields / — {fp)^^]^^ or 
(1) ~ {fp/ f) showing that there is a /3o such that fpo/f is invertible, which means / = [fpo)- By multiplying 
by monomials we can assume that J^,-, is T-invariant. Thus f^,-, G K\Trj\'^ = /^[Xt-] and generates the ideal 
of D. But then D is principal on Xr and finally 01(1^) = 0. 

Now any divisor D in G\{Xc) (respectively in C\{X^)) is linearly equivalent to the T-invariant one 
D' -.= 0- ifo), where D^^^ = (/i3)|f.- 

(3)(4) We repeat the reasoning from (1) and (2) and use the fact that KlA"^ xXr] = K[t][[xi, . . . ,Xk]] is 
UFD (see Bourbaki[|ll)). □ 

Lemma 7.5.2. 1. acts trivially on G\{Xa^). 

2. Let A'^ be a subdivision of a such that Xa" X^ is G" -equivariant. Then G"^ acts trivially on 
C1(1aO- 



Proof. We shall use the notation and results from Lemma 7.3.1 



(1) The natural morphism X/s." X/^^ is GJ^-equi variant. By Lemma 7.5.1 this morphism induces a 
G^-equivariant isomorphism G\{Xa) — > C\{Xa). By Sumihir o the algebraic linear group acts trivially on 
Cl(Xcr), which yields a trivial action on G\{X^). By Lemma 7.3.1 it suffices to show that ker^r acts trivially 
on Q\{X„). 

Let X^^ C X^ denote the open subset of nonsingular points. Its complement is of codimension 2. We get 
a G'^-equi variant isomorphism Pic(X"'^) = G\{X'^^) ~ Cl(Xcr). It suffices to prove that kero- acts trivially on 
Pic(X^'"). Fix g G G. Let ig^^i : A^ -> ker„ be the morphism from Lemma |7Xl| . Let $ : G'^xXJ" 
be the action morphism from Lemma 4.5.1 and set := ig,A^ ° ^ ■ A^xX^'^ X'^^. Denote by 

p : A^xX'f X^"" the stan^dard projection. By Lemma ^Xl|(4), : Pic(X^") Pic(AixX^'') is an 
isomorphism . Let D G Pic(X^''). Let jg : X'^^ {g}xX^^ c A^xX^^ denote the standard embedding. 
Then p o jg — id|^„e. Since p* is an isomorphism there is D' G Pic(X"^) such that <I>^i(£>) ~ p*{D'). 

Therefore j*g^\i [D) ^ g ■ D jgP*{D') = D'. This imphes /i • ~ D for any /i G G = ker^ • Aut^{Xa) 

(2) Let L C X^,y denote the complement of the set where the birational morphism ip : X^<t — > Xa- is an 
isomorphism. It is a G'^-invariant subset of codimension 2. Therefore we get G'^-equi variant homomorphisms 
G\{Xa) — G\{Xa- \ L) ^ C1(Xa<'). Note also that C1(Xa'') is generated by Cl(Xcr) and by the exceptional 
divisors of V' which are G'^-invariant by Lemma 5.3. 10| . Finally, all elements of GI{Xa'') are G'^-invariant. □ 



7.6. Simple definition of a canonical subdivision of a semicomplex. Recall that for any fan S we 

denote by Vert(I]) the set of all 1-dimensional rays in E. 
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Proposition 7.6.1. Let S be an oriented T-semicomplex. A subdivision A ofE is canonical if for any cr G S 

Vert (A'^ ) \ Vert (a) c Stab(E). 

Proof. This is an immediate consequence of Lemma |6.1.2| and the following. 

Proposition 7.6.2. Let <j he a T-semicone and A*^ be a subdivision of a. Then the following conditions are 
equivalent: 

1. X/^a is G" -equivariant (where G" — Aut(Xo-)'^j. 

2. Vert(A'^) C Vert(CT) U l\w{a). 

3. Xa" — * Xa is Aut{X a-)'^-equivariant. 



Before the proof of Propositions 7.6.2 and 7.6.1 we need to show a few lemmas below. 

Lemma 7.6.3. Let a be a T-semicone. If Ai and A2 are subdivisions of a for which X^. — > X^- is G"^- 
equivariant then for the subdivision 

Ai • A2 {cTi n (72 I CTi e Ai, (72 £ A2} 

the morphism XA1A2 ^ G'^ -equivariant. 

Let Ii and I2 be G"^ -invariant on Xa- Let Ai and A2 be subdivisions of a corresponding to the normalized 
blow-ups at Ii and 12- Then Ii ■ I2 corresponds to Ai • A2. 

Proof. It follows from the universal property of the fiber product that Ai • A2 corresponds to the normal- 
ization of an irreducible component in x Xaj- 

The second part of the lemma is an immediate consequence of the relations between ideals and ord- 
functions: ord(/i ■ I2) — ord(/i) + ord(/2) corresponds to Ai • A2([^). □ 

Lemma 7.6.4. Let a be a T-semicone. Let t C \cr\ be a cone with all rays Vert(T) in Vcrt(CT) U Inv(o'). 

1. There exists a fan subdivision A^ of a which contains t as its face and for which X^t X^ is 
G" -equivariant. 

2. // all rays of t which are not in Inv(cr) determine a face Qof\a\ ( and r ) then there exists a G'^ -invariant 
ideal I such that the normalized blow-up of I corresponds to the subdivision Ar of a containing t. 

Proof. Write r — (fi, . . . , f;), where . . . , Ufe G Inv(cr) and t;/c+i, ... , are in Vert(CT). 

(1) Let {Ti I i G Jo} denote the set of all one-codimensional faces of r. For any one-codimensional face Ti 
of r, where i G Jo, find an integral functional Hi such that Tli\ri = and Lli\T\j^ > 0. Find functionals iJ, , 
j G Ji with common zeros exactly on lin(T). Then t — {x a \ Hi{x) > 0, Hj{x) = 0, i G Jq, j G Ji}. 

Let Fq be an integral functional such that for any i G Jo and j E Ji, Fq + Hi and Fq — \Hj\ are strictly 
greater than zero on cr \ {0}. Set Fo{vi) — ni, . . . , Fq{vi) = ni. Let vi, . . . ,1^1 be valuations corresponding 
to wi, . . . ,vi. Set 

I • ij^i ,ni n . . . n • 

Let p : Xaq —>■ X^ be the composition of the ff^-equivariant blow-ups bljy^ o . . . o bl^^ corresponding to 
C^-invariant valuations vi, ... ^Vk- Then all valuations J^i, . . . ,1^1 correspond to Weil divisors Di, Di on 
Xao- Set D = mDi + niDi. Then 

p,(/i5) = {/Gp,(Ox^^) = Ox„ \ y^{f)>n,,l^l,... ,1}^I. 



By Lemma 7.5.2, G"^ acts trivially on CI(Xao); then for any g E G we have g*{D) — D + (fg) — {hg), where 
fg, kg G . In other words for any g E G, 

fg- Id ^hg- Ig,(D)l 

which implies 

fg-I^hg-g^{I). 

This means that the action of G'^ lifts to the blow-up of /, and to its normalization. The normalized blow-up 
of / corresponds to a G"^-equivariant subdivision A,- of cr into maximal cones, where the piecewise linear 
function ord(/) — min{i^ G cr^ | F{vi) > Ui} is linear. We have to show that r G A,-. Note that ord(/) is 
linear on r since by definition ord(/)|T- — Jo|r- 

Let X ^ T. Consider first the case x G lin(T). There exists a one-codimensional face r^^, iq G Jo, of r 
such that Hi„{x) < 0. Then Fi Fq + Hig G rr^ and by definition Fi > ord(/), since Hig{vi) > and 
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Fi{vi) = FQ{vi) + Hig{vi) > Hi. This implies ord(/)(a::) < Fi{x) < Fq{x). Now let x ^ lin(r). Then there is 
Hjo, jo G Ji such that Hjg{x) ^ 0. Set Fi Fq + Hj^ if Hj„{x) < and Fi Fq - H^^ otherwise. The 
definition of Fq shows that Fi is strictly greater than zero on a\{0}. We have Fi{vi) = Fo{vi) + Hjg{vi) = rii 
and consequently ord(/) < Fi. Again ord(/){x) < Fi{x) < Fo{x). This implies ord(/) < Fq off lin(T). 

(2) The reasoning is very similar. Let Jo denote the set of all one-codimensional faces ti of r which contain 
g. For any i E Jo find an integral functional Hi such that H^-r. = and 11.1^^^^. > 0. Let Hj, j G Ji, be 
functionals with common zeros exactly on lin(r). Then t — {x E cr \ Hi{x) > 0,Hj(x) = 0,i E Jo, j G Ji}- 

Let Fq be an integral functional such that Fq\t — 0, and for any i E I and j E J, Fq + Hi, Fq — \Hj\ are 
strictly greater than zero on a\g for j E Ji- Set Fo{vi) — ni, . . . ,Fo{vk) nk- Then Fo{vk+i) — Fo{vi) — 0. 
Let J^i , . . . ,Vk be valuations corresponding to wi , . . . ,Vk- Set 

I ■ 1^1, m n . . . n i^f.,nk- 

By definition I is C^-invariant. The normalization of the blow-up of / corresponds to a C^-equivariant 
subdivision of cr into maximal cones, where the piccewise linear function ord(/) — min{_F G cr^ | F[vi) > 
Hi} is linear. We have to show that t G A.^- Note that ord(/) is linear on r since by definition ord(/)|T- = Jo|t- 
The rest of the proof is the same as in (1). □ 

Lemma 7.6.5. Let a be a T-semicone and r C \a\ be a cone all of whose rays are in Vert(CT) Ulnv((T). Let 
Ar be a subdivision of a containing t as its face and for which Xa^ ^ is G'^ -equivariant. Then 

Sir, Ar) {gEAr\{g\T)n Inv(a) - 0} 
is a subfan of A^ for which the open subset Xs(r,A^) = ^S(t,At) ^x^ Xa- of X^^ is -invariant. 

Proof It suffices to show that each G"^-orbit intersecting Xs(^r.i^r) ^sCr.A^) '>^x„ X^- is contained in 
this subscheme. Since Xs(t.a^ ) is an open subset of Xa^ any C^-orbit contains the generic point of Og 
for g E S'(t, At-). By Lemma ^.3.151 (3), int(p) intersects Inv(cr). The other toric orbits in the G"^-orbit 
correspond to the cones g' E Star(£), S) for which g' \ g = 9- Thus £i is a face of t and all g' belong to 

S{T,Ar). □ 

Lemma 7.6.6. Let a be a T-semicone. Then S{t) := S{t, A) does not depend upon a subdivision A of a 
containing t and all of whose rays are in Vert(CT) U Inv(cr). 

Proof. Let Ai and A2 be two subdivisions containing t and for which all rays are in Vert(o') U Inv(o'). 
By Lemmas 7.6.3 and 7.6.4 we may find subdivisions Ag, where g E Ai U A2 and the common subdivision 



A := OeeAiuAa such that Xa X^ is G"^-equivariant. Then Vert(ArA2) C Vert(A) C Vert(cr)Ulnv((T). 
Hence we c an ass ume that Ai is a subdivision of A2 replacing Ai with Ai • A2 if necessary. Let g E S{t, A2). 
By Lemma |6.5.l| (l) applied to Ag we can represent g as g := g' ® {ei, . . . , Ck), where int(p') fl Inv(CT) 7^ 0, 
{g \ g') n Inv((T) — and thus g' ^ r. Since all new rays of Ai\g are in Inv(cr) we find that Ai\g = 
Ai\g' © (ei,... ,efc). But Ai\g' = g' since g' ^ r. Therefore Ai\g = g and g E Ai, and consequently 
^?G5(T,Al). □ 

Lemma 7.6.7. Let a be a T-semicone. Let A be any subdivision of a with all "new " rays belonging to 
Inv(cr). Then for any r G A, ^s(r) is C -invariant. 



Proof By Lemma 7.6.4 , we find a subidvision At of a. By Lemma 7.6.6 , Xgi^-^ = Xg^^.i^r)- Lemma 



7.6.5, the latter scheme is G"^-invariant. □ 



Proof of Proposition 7.6.2 . (1) (2) All exceptional divisors determine C^-semiinvariant and therefore 
G"^-invariant valuations. The latter correspond to vectors in Vert(S) C Vert(tT). 

(1) -4= (2) Let A be any subdivision of a containing r with all "new " rays belonging to lnv{a). Then by 



Lemmas 7.6.7] , Xa is the union of open G"^-invariant neighborhoods Xs(^t-)i where r G A, and consequently. 



Xa is G"^-invariant. 

(2) = (3) By Lemma 7.4.3 vectors defining G"^-invariant valuations are the same as those defining 
Aut(Aro.)°-invariant valuations. Then the proof of the equivalence is the same as for (1) = (2). We have to 
replace Xa- with X^. 

□ 
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Lemma 7.6.8. Let a be a T-semicone and G" he a connected proalgebraic group acting on X := X^j. Let 
A'^ he a subdivision of a such that acts on Y :— X^" and the toric morphism ip : Y X is a proper 
birational G^ -equivariant morphism. Then there exists a toric ideal I on X such that the normalization of 
the blow-up of I , Z — > X, factors as Z ^ Y ^ X . 



Proof. First subdivide A"' so that all its faces satisfy the condition of Lemma |7.6.4| (2) 
A'^ simplicial by applying additional star subdivisions at all its 1-dimcnsional rays (sec 72 
face of A"^ which does not satisfy the condition of Lemma 7.6.4 (2) 



We can make 
). Let T be a 



Denote by t' a minimal face of r with 
rays in Vert(CT) and which is not a face of the cone a. Then there is a' which is a face of a and for which 
int(r') C int(o-'). Write a' = sing^(cr') (ei, . . . ,efe}. Then r' fl sing'"(cr') is a face of r' but it is not a 
face of a. (Otherwise r' was a face of a.) By minimality t' — t' Ci s mg^{a') C sing'"((T') and a' — smg^{a') 
is indecomposable and since int(r') C mt{a') we can find by Lemma 5.3.15|(5) a vector v G int(T) fl Inv(cr). 



By applying star subdivision at (v) to E we eliminate the cone t (and some others cones not satisfying the 
condition of Lemma 7.6.4 (2)). Aft er a finite number of steps we arrive at a subdivision A"' with all faces 
satisfying the condition of Lemma 7.6.4(2). 



Then by Lemma 7.6.4(2), for any r e A, we construct the ideal such that the normalization of the 
blow-up of corresponds to the subdivision A^ of a containing r. Then by Lemma 7.6.3 the G"^-invariant 



ideal / := Yli gs ^-t correponds to the subdivision A/ := rires of ^ 

Lemma 7.6.9. Let a be a face of a fan S. Let Ai be a subdivision of a such that Vert(Ai) ~ Vert(cr). 
Then there is a subdiision A2 of E such that A2|cr ~ Ai and Vert(A2) — Vert(E). 

Proof. Set {ui, ... ,Vk} = Vert(E) \ Vert((T), Aq := (wi) • • • {vk) ■ E. Then a e Aq. We shall construct 
a subdivision A2 for any cone in Aq. If t G Aq does not intersect a then we put A2IT — t. If r G Aq 
intersects a along a common face (Tq then all rays Vert(r \ (Tq) are centers of star subdivisions and therefore 
are linearly independent of the other rays of a and in particular of lin((To) (After a star subdivision at (w), v 
becomes linearly independent of all other rays of cones containing v. Hence the subdivision A2|cro extends 
to a unique subdivision of r with no new rays, A2IT := {S + J2 ge{Vcrt(T)\Vcit{ao)) £* I ^ ^ ^ko}- □ 

Lemma 7.6.10. Let t <Z a be a cone such that Vert(T) C Vert((T). Then there is a proper subdivision A of 
a containing t and such that Vert (A) = Vert (cr). 

Proof. By Lemma 7.6.9| it suffices to prove the lemma for the situation when Vert((T) \ Vert(T) consists of 
one ray. Then for any r we find cr' containing r and for which card(Vert((T) \ Vert(r)) = 1. By induction we 
can find a subdivision of a' and then by Lemma 7.6.9| extend it to a subdivision of a . 

Let r = (wi, . . . , Vk) and a = {vi, . . . ,Vk, Ufe+i). If t is simplicial and r is not a face of a then there is a 
unique linear relation between wi, . . . , Wfe, Wfe+i. Without loss of generality we can assume that it is a^-Wr + 
Or+iVr+i + ■ ■ ■ + aivi — ai^ivi+i + . . . + ak+iVk+i, where r > 1 and all coefficients are positive. Then there are 
exactly two simplicial subdivisions of a with no "new" rays and with maximal cones {vi, . . . ,Vi,... ,Vk, Wfe+i), 
where i = r, . . .1 and i — I + 1, . . . ,fc + l (see |7|]). The second subdivision contains r. If r = (wi, . . . , Vk) 
is not simplicial then for the cone we find a simplicial cone {tq , Mrg ) and a linear epimorphism (/)^ : 
{tq ,Mro {t'^ ,Mr) mapping rays of Tq to rays of Tq . Moreover let C M^a denote the vector subspace 



which is the kernel of 



Then 



'0 



{t^ + H^)/H^. The dual morphism 



{T,Nr) (ro,A^ro) is a 

monomorphism which maps r isomorphically to tq H H, where H = {v E Nrg \ v^fjw = 0}. Then also 
Vk+i G H \ tq. Note that Vk+i ^ — tq since otherwise Vk+i G (— tq) OH — — r. Thus we can apply the 
previous case to (Tq ■= {vk+i) + tq D tq and obtain a subdivision Aq of (Tq containing tq with no "new " 
rays. Intersecting Aq with H defines a subdivision A of cr containing r. All rays in E except Vk+i G H are 
obtained by intersecting some faces of tq with H, hence belong to Vert(r). □ 



ORIENTABILITY of STRATIFIED TOROIDAL VARIETIES AND RESOLUTION OF SINGULARITIES 



8.1. Orientation group of an afRne toric variety. 

Definition 8.1.1. Let {X, S) be a stratified noetherian scheme over K and a; G A" be a AT-rational point fixed 
under the F-action. By the orientation group of (A, 5) at x G A we mean 0'"(A, S,x) := Aut(Ax,x)/Aut(Ax,a;)'^- 

Lemma 8.1.2. Let a be a T-semicone. Let Inv(cr) — Inv(cr) be the set of the vectors w G cr corresponding to 
Aut{Xa)^ -invariant valuations val(w) on X„ (see Lemmma 7.4.^ ). Let Aut(cr)inv be the group of all elements 
g o/Aut(cr) satisfying the following conditions: 
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1- 5|Inv(<T) — id|Inv((T) • 

2. For any subdivision A of a such that Vert(A) = Vert(CT), g lifts to an automorphism of A. 
Then Aut(CT)inv = Aut{af and Q^{Xa,S,Oa) = Aut(CT)/Aut(fT)i„v 



Proof. By Lemma 7.3.2 there is an epimomorphism Aut(CT) — > {X^^, S,Ocr) with kernel Aut{a)'^. By 
definition all g € Aut(<T)° preserve Inv(f7). By Proposition 7.6.1 the subdivisions A satisfying condition 
(2) of the lemma determine Aut(A"o.)°-equivariant morphisms X/^ X„ which commute with morphisms 
defined by g G Aut((T)''. Thus automorphisms g G Aut((T)'' lift to automorphisms of A. Therefore Aut(cr)° C 
Aut((T)inv. We need to prove that Aut(cr)" 3 Aut((T)inv. 

Let ui,... , Wfc denote the generators of a. Let (Tq denote the regular cone spanned by the standard 
basis ei,... , of some fc-dimensional lattice. Let tt : ctq ~* be the projection defined by 7r(ei) = 
Vi. Each automorphism of a lifts to a unique automorphism of (Tq- This defines a group homomorphism 
TT* : Aut(cr)inv Aut((To)- Let Aut((To)inv denote the group of automorphisms of the cone ctq preserving 
7r-i(Inv(CT)). 

Lemma 8.1.3. Aut(cro)inv — Aut((T)inv. 

Proof. Any automorphism g G AvX{a)i^„ preserves all vectors from Inv(CT) and consequently it preserves 
the vectors from lmi{a) :~ lin(Inv(<T)) H o" = lin(Inv(f7)) n a. Set Inv(cro) := 7r^"'^(Inv(o')) = (wi, . . . ,Wrn)- 
Then, by definition Inv(cro) = lin(Inv((To)) H ctq. 



Let g' := Tr*{g). We shall show that g' preserves Inv(fTo)- 

Let Wi 6 int(T,j), where — {cij^ , ■ ■ ■ , Giji ) ^ ctq. Then , by definition, Wi defines a unique ray of the cone 
Ti n Inv(CTo) ~ Ti n hn(Inv(CTo))- Then ker(7r) C lin(Inv(CTo)) and ker(7r) n lin(ri) = ker(7r) n lin(Inv((To)) H 
lin(ri) = ker(7r) n linjwi} = 0. Consequently tt maps isomorphically onto a cone 7r(Ti) — {vij-^, . . . ,Vij,) 
containing a unique ray Tr{wi) € Inv(i7). By Lemma 7.6.10 such a cone is a face of some subdivision A of 
a satisfying condition (2) of the lemma. Thus 7r(ri) is a unique face of A containing n{wi) in its interior. 
Therefore it is preserved by g. Consequently, g' preserves and Wi, and hence all points from Inv(cro)- 
Now, let g' be an automorphism of (Tq preserving Inv(cro)- Then g' defines a permutation g of wi, . . . ,Vk- 
We will show that such a permutation preserves linear relations between Vi, . . . ,Vk- 
Let p := Oi-^Vi-^ + . . . + ai^Vi^ = Oi^^-^^Vi^^-^ + . . . + OigVi^ be a minimal linear relation, i.e. s — 1 = 
dim{«t, , . . . , fj , |. Then both cones ci :— ,ViJ) and <J2 '■— {^i^+n ■ ■ ■ ,Vi„) are simplicial and by 

Lemma [7.6.10 they are faces of two subdivis ions A i and A2 of a s atisfyi ng the condition 2 of the lemma. 
Then (p) G Vert(Ai • A2) and by Lemma [7.6.3 and Proposition 7.6.2 , p G Inv(cr). Consequently the 
point p' :— ai^Ci^ + ... + ai^Ci^ G Inv((To). This implies p' — g'{p') ~ ai^g'{ei^) + ... + ai^g'{ei^) and 
p = fljjWjj + . . . + ai^w,,. = ai^g{vi^) + .. . + ai^g{vi^). Analogously p = ai^_^_^g{vi^^J + . . .+a^sg{vij. Finally, 
ai-^g{vi-^) + . . . + ai^g{vi^) — ai^^^-^g{vi^^-^) + . . . + aisg{vi^) and g defines a linear automorphism preserving 
vectors from Inv(cr). 

We need to show that g satisfies condition (2). Let A be a subdivision satisfying (2). If r is any face of 
A whose relative interior intersects Inv(cr) C Inv(CT) then it lifts to a face r' of ctq whose relative interior 
intersect Inv(cro). Thus a' is preserved by g' and a is preserved by g. Therefore all faces of A whose 
relative interior intersect Inv((T) are preserved. If the relative interior of r G A does not intersect Inv(cr) 
then r G S{a ') C A, where a' G A, is the maximal face of r whose relative interior intersects lnv{a) (see 
Lemma [7.6.5[ ). By the above, a' is preserved by g. Thus by [7.6.6| ff(r) G S{a',g{A)) = S{ct',A) = S{a'). 
Cons equently, all faces of A are mapped to faces of A and finally g defines an automorphism of A. Lemma 
^.1.3 is proven. □ 



Write Xcr — Xcr„//To for the torus Tq corresponding to the kernel of tt. Also X^ ~ Xa-a//Ta and 
K[X,]=K[X,„fo, 

Let Aut(A'(jg)jjj^ denote the group of all To-equivariant automorphisms g in Aut^X^^,) which preserve 
invariant valuations, i.e g^,{val{v)) = val(u) for any v G Inv(CTo). By definition each automorphism g G 
Aut(A'o-o)inv defines an automorphism of K[X„f^]'^°. This gives the homomorphism p : Aut{X„g)^^^ — > 
Aut (Xcr). It now suffices to prove the following Lemma: 

Lemma 8.1.4. Aut(Aro-n)inv is connected. 

Consequently, Aut((T)i„v C p(Aut(Xo.Jinv) C Aut{X„)^ and Aut(cr)inv C Aut(cr)°. □ 
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Proof of Lemma 8.1.4. The same reasoning as in Lemma 4.9.E . Let Xi, . . . , Xfc be the standard coordinates 



on Xo-Q = A*^. Any automorphism g e Aut{Xaa)inv is given by F-semiinvariant functions g* 



with the corresponding F-weights and such that val{v){g*{xi)) = val{v){{xi)), where v S lnv{ao) (1 N^^. 
There is a birational map a : A^ G defined by 

a{z) := (xi, ... ,Xk) ^ ((1 - z)g*{xi) + zxi, ... , (1 - z)g*{xk) + zxk). 

a{z) defines a F-equivarinat automorphism of X„g for all z in the open subset U of A^, where the linear 
parts of coordinates of a{z) are linearly independent. Note that for any integral vector v S Inv(cTo) and 
z € U, val(t;)((l — z)g*{xi) + zxi) > va\{v){xi). By Lemma 5.1.4 , a{z) preserves val(u). □ 

Example 8.1.5. Let C A"* be a toric variety described by xiX2 — X3X4. Then a — {vi,V2,V3, V4) C 



is a cone over a square, where := {{xi,X2,X3,X4) \ xi + X2 



X3 



Xi} C Q^ vi = (1,0,0,1), V2 = 



(0,1,1,0), V3 — (1,0,1,0) U4 — (0,1,0,1). Then Aut(fT) Dg consists of all isometrics of a. Aut(fT)inv 
consists of all isometrics preserving diagonals: the reflections with respect to the diagonals and rotation 
through vr. Consequently 

e{X,,S,Oa) = Aut(a)/Aut(a)i„v ~ Z2. 



8.2. Stratified toroidal varieties are orientible. 



Lemma 8.2.1. Let (pi : X X„ for i — 1,2 be T-smooth morphisms of a T-stratified toroidal scheme {X, S) 
to a T-stratified toric variety {X„,Scr) such that strata of S are precisely the inverse images of strata of S^. 
Denote by Ai, . . . , A; all subdivisions of a for which Vert(Ai) = Vert(CT). Let wi, . . . ,Vr be stable vectors 
such that lin(ui, . . . , Vr) ^ Inv((T). Denote by Aj+i, . . . , A;+r the star subdivisions of a at (vi), . . . , {vr). 
The following conditions are equivalent: 

1. and (j)2 determine the same orientation at a K -rational point x G s = ^"""^ (strat) cr)). 



There is an open neighborhood U of x such that Uji := U 

U , defined via (j)2, oltc isomorphic over U for any j — 1, 



X 



A,, 



defined via (f>i, 
- r. 



and Uj2 '■= 



Uj xx„ Xa^ 



defined via > 



defined via < 



Proof. (=>) Suppose 0i and (j)2 determine the same orientation at x. By Proposition 7.6.1 the morphism 
X/\. — > Xa- is G"^-equi variant. Therefore by Lemma 4.13.2 for any subdivision Aj of a there is an open 
neighborhood Uj of x such that 
are isomorphic over Uj. It suffices to put U 

(<;=) Suppose 4>i and (j)2 do not determine the same orientation at x. Then by Lemma 
automorphism of cr such that for the corresponding automorphism e Aut{Xa-), (j>i and 



and Uj2 ■- 



1.2 we find an 



t>2 determine 
are isomorphic. 

But (j) does not preserve orientation so by 8.1.2 , (p does not satisfy one of the conditions (l)-(2) of the lemma 



the same orientation at x. By the above there is an open U 3 x for which Uj^^^ and U- 



and docs not lift to an automorphism of some Aj ^ 0(Aj). Consequently, Uj. 



U 



3,4>l 



U XV Xa, 



not isomorphic to C/ 



j:4>2 



U XV X, 



for any open neighborhood U of x. 



IS 

□ 



Lemma 8.2.2. Let {X^jSn) be a T-stratified toric variety corresponding to an embedded semifan 17 C A. 
Let (pi : X Xa for i — 1,2 be T-smooth morphisms of a T-stratified toroidal scheme (X, S) to a T-stratified 
toric variety {Xa,Sq) .such that the .strata of S are precisely the inverse images of strata of Sn- 

For a cone w G denote by ti-'(A) the subset {r G A | lu{t) — lu} of A. Let Ai, ... , A/ be all subdivisions 
of LO satisfying condition (2) of Lemma 



8.1.L Let A;_|_i, . . . , A;_|_r denote the star subdivisions of ui at stable 



vectors (vi), 



{vr) for which lin(z;i, . . . ,Vr) ^ Inv(cr). Denote by Aj(A) the subdivisions of uj{A) induced 



by Aj, i.e. for any 5 = w(5) © r{S) £ ^^'(A), Aj{A)\S — Aj © r{S). Let x £ cp- "^(strat(w)) be a K-rational 
point. The following conditions are equivalent: 

1. (j)l(U{A,D,)) and (p2{lA{A,^l)) are compatible atx. 



2. Th 

U X 



ere is an open neighborhood U of x such that Uji := U >^x^f^f ^Aj(A)j defined via pi, and Uj2 



.(A) ^A,(A), 



defined via (p2, are isomorphic over U for any ] = !,... ,l + r 



Proof. Let pi{x) G (5,;, where G A and i — 1,2. Denote by Ui the inverse image (p~^{Xsi). Since 
X G (/)~^ (strat(cr)), we have uj{Si) = ui. The atlases 0*(W^'^"(Xa, S'a)) are compatible at x if the morphisms 
Tr'^'fpi : Ui — > X^ determine the same orientation at x. This is equivalent by Lemma 8.2.1 to the fact 
that U Xx„ X^j, defined via n'^.<pi, are isomorphic for some U. The latter schemes are isomorphic to 

U xx„^ Xaj(A)\5, = U xx^^^j Xaj(a)- □ 
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Lemma 8.2.3. Let (pi : {X,S) (^Ai'S'n) for i ~ 1,2 be T-smooth morphisms of a T-stratified toroidal 
scheme to a T-stratified toric variety {X/\,Sii) such that the strata of S are precisely the inverse images 
of strata of Sq- Assume that a stratum s € S is a variety over K and (/)5^(Z^(A, fi)) and (/)2(Z^(A, fi)) are 
compatible at some point x G s. Then they are compatible along s. 



Proof. By Lemma 8.2.2, (/i*(Z//(A, D,)) and 02(^(^5 ^)) a-i'e compatible at any x £ s iff they are compatible 
at all points of sCiUx, where Ux is an open neighborhood of x. Since s is a variety the sets sHUx and sHUy 
intersect for any x,y d s. □ 

Lemma 8.2.4. Let 0i,02 : X ^ X^ be two T-smooth morphisms of a T-stratified toroidal variety {X,S) 
into the T-stratified toric variety X„, such that the strata of S are precisely the inverse images of strata, of S^. 
Assume that (j)i,(t)2 determine the same orientation at a point x G (l)~^{stTat{a)). Then (j)*{W^^'^{Xcr, Sa)) 
and (/)2(Z//'^^"(Xct, 5'cr)) are compatible on X. 



Proof. Let Ai, 

subdivisions Ai, . 



,Ai,... , A;+r be subdivisions of r < o" as in Lemma 8.2.1 
, A; can be extended to subdivisions Ai (cr), . 



By Lemma 7.6.9, the 



, Ai{<7) of a for which Vert(Ai) = Vert(CT). 
By Lemma 7.4.4 Inv(T) C Inv(cr) and we can extend the star subdivisions A/_|_i,... , A;_|_r to the star 
subdivisions A;_|_i(cr), . . . , A;_|_r(f) of cr at ui, . . . , G Inv(r) C Inv(cr). By Lemma f.l3.2| there is an open 
neighborhood U of x for which Uj^^- = U Xx„ X/\. definded for (pi and (f>2 are pairwise isomorphic for any j. 
Let r((T) ~ {g < <^ \ ^{q) = t}. Then there is an open subset U' = cp^^{XT.(^^^)r\ ^^^(XT-(cr)) n U intersecting 
0j^^(strat(T)) such that U' xx„ Xaj = U' -^Aj(cr)|r(cr) defined by the restrictions of 0i are isomorphic. 

This implies by Lemma that ( pl {W'' {X„ , ) and (p*2{W^'\Xa,Sa)) are compatible at a: e strat(r)n;7' 
and consequently by Lemma B.2.3| they are compatible at all the points of 0^^^ (strat(r)). □ 



Lemma 8.2.5. The T -semicomplex E associated to an oriented T-stratified toroidal variety (X, S) is ori- 
ented. 



Proof. For any cr < t, the inclusion morphism i'^ : a - 
denote a projection such that Tf^oi^ ^ id|cr. Let tt^ : Xa 



T identifies a with a face of t. Let tt^ : Nr 
Xt denote the induced toric morphism. Consider 



faces a < T < Q oi the semicomplex S. Let (per '■ Ucr ^ X^, 4>t '■ Ur X-r, (pg : Ug ^ Xg denote any charts 
on (X, S) corresponding to the cones cr, r and g. Since t < g, the open subset Ug intersects r. For a generic 
point Xt of strat(r) H Ug, the morphism (j)g sends x^ to the toric orbit Or C Xg. Since {X, S) is oriented we 
find that 7r^(/)g : J7J Xr and (pr '■ Ut ^ Xt determine the same orientation at Xt. Analogously T^gfpg, (pa 
and TT^^T- determine the same orientation for a generic point Xa of strat(cr). Applying Lemma 8.2.4 to i^'^gpg 



and 

e Aut(cr). Then a<^7r^7r^jg 



■ we see that n^n'^pg and 
g^g and TT^ 



determine the same orientation for a generic point of strat(cr). Finally 



g determine the same orientation and thus so do tt ^tt^ an d tt^. 



Write i^iZ 



where 



ao-Tr^TT^j^jJa^ ^ — id^^. By Lemma 4.9.14 the toric morphisms induced by 



the projections a^T^T^'^'g s-'^d tt?' determine the same orientation. Thus the morphisms induced by ao-7r^7''o 



and vr^TTg determine the same orientation, which gives aa G Aut(cr)°. 



□ 



Lemma 8.2.6. On any T-stratified toroidal variety {X,S) there exists an atlas lA such that {X,S,IA) is 
oriented. 



Xa- we can find '4'a,a of 



Proof. We shall improve the charts from U and inclusion maps in the associated F-semicomplex S. For any 
cr G S fix a chart pa,a^ '■ Ua,a„ — > ^a- By Lemma 7.3.2 for any chart pa,a ■ Ua. 
Xa) induced by an automorphism of a such that (j)a.a^ and 



determine the same orientation for some points of strat(cr) n Ua^a^ H Ua.a- By Lemma 3.2.3 the above 
morphisms determine the same orientation for all points from strat(cr) H Ua,a^ H Ua.a- 



Let cr < r. Denote by cr' ^ r the face cone in Nt such that ct^ = cr. By Lemma [7 . 3 . 2| find aa £ Aut (cr) such 



that for the inclusion map i^, :— i^, 



any two charts 



Ua 



Xa, 7r-,P%^ : ^ Xa define 



the same orientation at some point of x G strat(cr) r]Ua,a^ I^^t a^- By Lemma 3.2.2 they determine the same 
orientation at all points of strat(cr) n Ua,a„ H Ut ^^^. We need to verify that for any two charts pa.a and (pT.b, 
where a < t, and any t' <t such that ^^{t') = cr the morphisms pa, a and 0^ j, determine the same orientation 



for all X G strat (cr) n Ua.a f^U^ t- Lemma ^.2.3 it suffices to show that the above morphisms determine the 



same orientation for some x G strat(cr) n Ua,a H Ua,a„ ri C/^j, fl Ut a^- By the above pa.a and 



determine 
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the same orientation at all x G strat(cr) fl Ug-^g H Ug-^g^ ■ Also (jirfi and ^t.ot determine the same orientation at 



ah X e strat(T) n[/^,f,n[/^,a,- By Lemma |8.2.4| , 5^)) and (/>*_„^ (^^^"(X^, S"^)) are compatible 

on Ur.b n Ur.a^- Hence 0^ ^ and (fi^.a^ determine the same orientation at points x G strat((T) n U^j^ n U^ g^. 
Finally 0o-,a and i/)^ determine the same orientation for all x G strat((T) n C/cr_a H f^. □ 

8.3. Resolution of singularities of toroidal varieties in arbitrary characteristic. We call a F- 
semicomplex E regular if all cones |(t|, where cr G S are regular. 

Proposition 8.3.1. For any oriented T -semicomplex S there exists a sequence oj stable vectors ui, . . . , Vm € 
Stab(S) such that the subdivision A := (w^) • . . . • {vi) ■ T, of Yi is a regular T -semicomplex. 

Proof. Let cri,... , (Jfc denote all the faces of S. We shall construct by induction on i the canonical 
subdivision of S such that the fan A^^ is regular for all j < i. Suppose A^ is already constructed. By Q 
or there exist centers vl,. . . ,v\_ for the fan A°^'+^ in N„.^-^ such that {v\. )•...• (w^) • A^*+^ is regular. The 
subsequent centers of star subdivisions coul be chosen to be minimal internal vectors in indecomposable 



faces of {v]_i) ■ . . . ■ {v\) ■ Aj''^^ Therefore by Lemma 5.3.16 all centers in the desingularization process 



are E-stable. Hence by Proposition 5.4.1, A^+i := {v\) ■ . . . ■ {vD • Ai is canonical. By construction Aj_j;.i^^ 



IS reg ular. Note that A-^.^ = A,^ for j < i + 1 since during the desingularization regular cones remain 
unaffected. □ 

Theorem 8.3.2. For any T-stratified toroidal variety (X, S) (respectively a T-toroidal variety X ) there exists 
a sequence of T-equivariant blow-ups at locally monomial valuations bli/^ o . . . o hl^-^ (X) which is a resolution 
of singularities. 

Proof. In the case of a nonstratified toroidal variety consider X with stratification Sing^(X). By Lemma 
^■2.6 we can assume that the F-stratified toroidal variety is oriented. By Lemma 8.2.3 the associated 



semicomplex is oriented. By Proposition p. 3.1 and Proposition 5.4.1, h\^^ o . . . oh\^-^{X) is smooth. □ 



9. Orientation of toroidal modifications 

9.1. Lifting group actions. Let U be an affine variety. Let Xr^ be a completion of a variety X at its closed 
point x. Let Q : Y X he a, proper morphism and Yx := Xx xx Y . 
Set 

UxXx := Spec(limis:[C/] (g, 0"/mx,^), 
UxYx := (UxXx) Xx Y. 

Lemma 9.1.1. IfU,X are normal varieties then the scheme UxXx is normal. IfU, Y are normal varieties 
then the scheme UxYx is normal. 

Proof. (1) TTx '. UxXx U X Xx is etale at {u,x) for m G C/ since it determines an isomorphism of the 
completions of the local rings at {u, x). U x Xx is normal therefore UxXx is normal at (w, x) ^U x {x}. But 
all closed points of U xXx are in J7 x {x} C UxXx. The morphism tt is etale in a neighborhood of UxXx. 
Such a neighborhood is equal to UxXx since its complement if nonempty would contain some closed points. 

{2) -ky '■ U xYx ^ U xYx is etale at (u, y) for u G C/ and y G 9^^{x) since tty is a pull-back of ttx- The 
rest of the reasoning is the same. □ 

Definition 9.1.2. Let a proalgebraic group G act on Xx- Let $ : GxXx Xx be the action morphism 



and ^' : GxXx GxXx be the action automorphism (see Lemma 4.5.1). Let 6* : J7 ^ G be a morphism 
from a normal algebraic variety U to G. 

Then by the action morphism with respect to U or simply action morphism we mean the induced morphism 
UxXx^Xx. 

By the action automorphism with respect to U or simply action automorphism we mean the induced 
morphism ^'^ : U xXx UxXx- 

Let a : Y ^ Xx be a G^-equivariant birational morphism. By the lifting of the action morphism (resp. 
automorphism) we mean the morphism ^u,y : UxY ^ Y (resp. the automomophism 'i!u,Y ■ UxY —>■ UxY) 
commuting with the induced morphism idxa : U xY ^ U xXx and with a. 
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Lemma 9.1.3. Let G be a proalgebraic group acting on X^. Let U ^ G be any morphism from a normal 
algebraic variety U . Let L be a G-invariant ideal on X^. Let (f) -.Y ^ X^ be the normalization of the blow-up 
at L. Then there is a lifting of the action automorphism (and action morphism) : U xX^ — > UxX^ 

to : UxY UxY. 



Proof. Let $ :— x ■ ^ denote the action morphism. Set ^ :— 'i'jj x ■ By Lemma 4.5.2 we 
know that J =: p*{L) = <!>*(/) = '^*p*{I) — 5'*(J) is preserved by the action automorphism. Therefore J 
hfts to the blow-up of U xX^ at J and to its normahzation. Since U xX^ —>■ X^ is etale, the normahzation 
of the blow-up of UxX^ at J is isomorphic to UxY. □ 

Proposition 9.1.4. Let a be a cone of maximal dimension in N^. Let G be a connected proalgebraic group 
acting on X := X„. Let g : U ^ G be a morphism from a normal algebraic variety U. Let G^ act on 
Y := Xy, such that ip : Y ^ X is a G^ -equivariant proper birational morphism. Then there is a lifting of 
the action automorphism '^u,x ■ UxX UxX to ^u,y ■ UxY UxY. 



Proof. Let ^;7,y : U x Y >U x F be a birational map which is a lifting of ^u.y- By Lemmas 7.6.8 and 

we can find a factorization Z ^ Y ^ X giving the diagram of proper morphisms 



UxZ UxZ 

\ / 
i W I 

y fi \ /2 

UxY > UxY 

i '^UxY i ^UxY 

UxX *^ UxX 

where W is the irreducible component of the fiber product of UxY Xjj~x UxY which dominates UxY. 
(The fiber product is given by the morphisms 4>uxy ^^'^ '^u.x'PuxY-) ^'^^ u G U he a closed point. Take a 
pull-back of the above diagram via the closed embedding: {u}xX UxX 

{u}xZ ^ {u}xZ 

\ / 

/ \ 

{u}xY *^ {u\xY 

i i 

{u}xX ^ {u\xX 

The birational map ^u,y is the isomorphism defined by the action of g(u) G G on y. consists of 

some components of the fiber product {u\xY x^^^-j^ \u\xY . In particular it contains the irreducible 
component dominating \u\xY which is isomorphic to Y . On the other hand {u}xZ — > Wu is a proper 
surjective morphism. Consequently, is irreducible and isomorphic to Y. By Lemma UxY is 

normal. Thus fi : W ^ UxY is a proper birational morphism onto a normal scheme which is bijective on 
the set of closed (if-rational) points. By the Zariski theorem fi is an isomorphism and '^u,y = is an 

action automorphism. □ 



9.2. Orientation of toroidal modifications. 

Proposition 9.2.1. Let {X, S) be an oriented T-stratified toroidal variety with the associated T -semicomplex 
S. Let f : {Y, R) —>■ {X,S) be the toroidal morphism associated to a canonical subdivision AofE. Then 

1. The stratified toroidal variety {Y,R) is oriented with charts from [J^^^^ <j)l* {h{{A'^ , A'^^^^)) induced by 
the charts (pu :U ^ X„ on X and the associated oriented semicomplex Sj?, = Agtab- 

2. For any point x in a stratum s G S every T s-equivariant automorphism a of X^ preserving strata and 
orientation lifts to a T s-equivariant automorphism a' ofY Xx X^ such that the atlases 
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a'*0^*(W(A'^, A^^^b)) and 0^* (W(A'", A^^^^)) are compatible along f^^x) C Y Xx X^. Here <j)l : 
Y Xx Xx — > denotes the morphism induced by (j)^ . 

3. The stable support of the oriented T-semicomplex = Agtab is contained in the stable support oJY,. 

Proof.(<^) Let (f)a,i ■ Ucr,i Xcr and 0^,2 : Ur.2 X^ be two charts on X, where a < t. For (1) we have to 
show that 0^\(W(A'", A^j^i^)) and (?!):f*2(W(A^, A^^^^)) are compatible on /^^{U^s n Ur.2) along f-^{x) for 
any point x £ strat(cr) fl (C/cr,i n Ur.2)- 

Let t' < T denote a face of r such that lo{t') — a and (t)r.2{x) G Or'- Then t ' = a x r{T'), where r(T') 
denotes a regular cone and r' \ tr is disjoint from Stab(S). By Lemma 4.12.8 , A'^jr' — A'^jcr © ?'(t') = 
A- X r(r'). Also, A-,,|r' = A-,, x {0}. 

Denote by 0^ 2 ■ ^t,2 ^ -'^r', the restriction of (/)t-,2 and by 0!^! / its lifting. Then 0^ |*(W(A'^|t', Ag^^j^jr')) 
is the restriction of (/)^*2(W(A'^, Ag^.^^^)) to the open set f~^{U^2) containing f~-^{x). Set f/o-,2 := C/^.2: 
:= TTr'^T 2 ■ ^o-,2 ^ -'^(Tj where vr^/ : ^ X^- is defined by any projection which is identical on a ^ r'. 
Let ■■= <Ur,i ■■ f{Ua^2) ^ X, be the lifting of ^,,2. Then 

<|*(W(Anr', AI,,Jr')) = <|*i^(A- x r(r'), A^^,,, x {0}) 
is compatible along f~^{x) with 

0;'2^*</*(w(A-, A-,j) = 0{:2(w(A^ a:,,j). 

It suffices to show that 0^*i(iY(A'', A^^^^)) and 0^*2(iY(A'', A^^^^)) are compatible along f-'^{x). 

Let [/ C Ua,i n [/o-.2, be an open subset for which there exist etale extensions (pi : U X5. of 0cr,i, i = 1,2. 
Assume that (f>i{x) — Og. = Ocrxrcg(a)j where reg((T) is a regular cone of dimension k = dim(strat(cr)). Let 
(pfi be an etale extension of (pjt which is a lifting of 

Consider the fiber squares 



4>i '■ U Xg- — Xa-xicg{cr) 4'i ■ X^ X„ 

4>fi'- f^^iU) ^ X^„ = -'^A<'xrog((T) </>/i : YXxX^ Xa" 

The morphism /a is a pull-back of the morphism Therefore f^^{Oa) is a if-subscheme of Xa'^. 

The automorphism := 4>24'i^ of — preserves strata and orientation. For the proof of conditions 
(1) and (2) we need to show that any such automorphism (/) preserving strata and orientation lifts to 
the automorphism^^-'' = of Aa- ~ F Xx A^ such that * {U {A" , A'^^^^^) and ^Y(A'', A^^^^) are 

compatible along /^^(Og-^)- 

By Lemma 7.3. l| there is an action morphism <J> : x X^ such that 
2. There exists g E W such that cjj^ := $ 



a ■- ^|gxA„ 



By Proposition |9.1.4 can be lifted to : WxXa" Xa" such that 
3. $^ = id; 



4 



Let n : WxXrr X„ and H-^ : WxXa" Xa" denote the natural projections. 

Note that n-i(Og) = $"HOg) = VFxOg ~ WxO~„ ~ W". The morphisms and ^-'^ are pull-backs of 
n and $ induced by /a. Thus (n/)-i(4\Os)) = = W^x/^i(Og) ~ M^x/^i(Og) is a 

if-subscheme of M^xXa'^. 

For the sake of our considerations we shall enrich the stratification R by adding to strata r E R their 
intersections with f^^{x). Set 'R = {r\ f~^{x) \ r G R]} U {r n f~'^{x) \ r eR]. 

Strata of R on f^^{U) correspond to the embedded semifan A^^^^^ C A*^ x reg(cr). Strata of R correspond 
to the embedded semifan Q C A'^ x reg((T), where fl := A'^^^^^ U {w x reg{a) \ uo G A^^g^,^, int(w) C int(cr)}. 
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For any stratum stratv'(cL;) E R, lu Cz A^^^j^, dominating the stratum stratx(c) let strat(ci;) denote the 
corresponding stratum on Xa" ■ Let uj := uj x reg(o') G Q. Then strat(ci;) n/-^^(05) = strat(tD) C /^^(Og-) C 

is a G"^-invariant stratum corresponding to uj E Q . Since strat(<I;) is an irreducible locally closed subset 
of /r^(Og.) it is an algebraic variety. 

The natural isomorphism (<i>-'')^^(strat(a;)) = (n-^)~^(strat(a;)) — M^xstrat(tZj) — > W^xstrat(2) is a 
pull-back of the isomorphism WxO^ — > WxOa induced by /^^(O?) — > O^. 

Thus W^xstrat(tj) — W^xstrat(tj) is an algebraic variety. 

By definition we have — n{ — id|strat(ii)- Hence by Lemma f.l0.5| applied to the natural projection 
of T^xstrat(5) on W the collections of charts *-''*(W'='^"(Xa- , Sii)) and H^* {LA"'''' {X t^. , Sn)) are compatible 
along {e}xstrat(a;). 



Hence by Lem ma |8.2.3| , 'i'^*{U'''''\XA-,Sn)) and Uf*{U''^'\XA-,Sn)) are compatible along {g}xstrat(w). 
Again by Lemma [4.10.5| , 4/*(^^""(Xa^, ^n)) = ^/*(W^""(Xa-, 5^)) and H^*(iY^^"(XA-, 5^)) = W=""(Xa-, ^n) 
are compatible along strat(tl;). The charts (p^^', uj' > uj, of W'^{Xa'', Sa\ ^) are obtained by composing the 
charts (j>~, oi U'^'"' {X a^ , Sq) with the natural projection X~, X^^i. Thus the atlases U"'''^ {X A" , S a"^ ^) 
and 'iljf*{W'"'{XA'^ , Sa^^^J are compatible along strat(w) n f^^{Oa) = strat(5). 

(3) By Lemma ^.2.5 , = Agtab is an oriented F-semicomplex and the notion of stability makes sense for 
Efl. Let V G int(w), where uj G ^Btah' ^le a E/f-stable vector. Assume that int(tj) C int(cr). We need to show 
that for any t > a, any automorphism a of Aut(AT-)'^ preserves val(u, Xt). Find the cone uj' G A"^ such that 
uj' > UJ and int(a;') C int(T). By the convexity of stab(r), int(aj') intersects stab(T) and uj' G A'^stab- 

Denote by tt : Xa^ — > A^a^ the standard projection. By (2) a lifts to an automorphism of Aa^ such 
that af*Tr*(U{A'',Al^^^) and 7r*(iY(A^, AJ^^;^) are compatible along /a^(0?). 

Let p := O^'xrog(r) = Ouj' n /a^O?) C Aa-. Set Y := Aa-. By Lemma [4.7.3| , Yp = A^,xre3(r) = A^/. 
By assumption val(u, Yp) is invariant with respect to any Fi^' = Fr-equivariant automorphisms of 1^ = A^' 
preserving orientation and strata. The automorphism a-^ preserves p and induces an automorphism 
of Yp. Denote by tt : 1^ ^ X^^i the morphism induced by n. Since the atlases a^*7T* {U{A'^ , Al^^^^) and 
7r*(W(A'^, Agj.g^jj)) are compatible the morphisms ttS^ : Yp X^i and tt determine the same orientation at 
p. Thus preserves orientation at p and Sp, (val(w, 1^)) — val(w,y^). Then also a{(val(u, Spec(C'Y.p)) — 
val(u, Spec(C'y_p). Consequently, ck{(val(u, Aa^) = val(u, Aa^) and a,(val(?;, At-) = val(w, Aa^). □ 



10. The tt-desingularization lemma of Morelli 
10.1. Local projections of F-semicomplexes. 

Definition 10.1.1. Let S be a simplicial F-semicomplex and A be its canonical subdivision. Let : a ^ 

be the projection defined by the quotient map X^ Xa/Ta — X^t , for any cr G S. For any 6 G A"' set 
F5 = (Fo-)^ {g G Fcr \ gx ~ x,x E Oa}- By tts 5 ^ 5^ denote the projection defined by the quotient map 
Xs Xs/Ts = XsT. 

We say that E is strictly n-convex if for any cr G S, TTa{o') = c'" is strictly convex (contains no line). We 
call a semicomplex S simplicial if all cones |(t|, a G S, are simplicial. 



Lemma 10.1.2. 1. Let T, be a strictly convex T -semicomplex. Then for any t < a, there exists an 
inclusion i'^^ : ^ and the commutative diagram of inclusions: 

1%: T ^ a 
if : ^ 

2. Let A he a canonical subdivision ofYi. Then for any S G A'^^^^ we have the commutative diagram of 
inclusions 

S C a 
5^ ^ 
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Proof. (1) Consider the commutative diagram 

X(t,n„) — Xt- xT 

i I 

I _ i 

where T is the relevant torus. Note that acts triviaUy on strat(r) C X^, hence in particular on the torus 
T in Xr X T. This gives the isomorphism i. Since Va/^T acts freely on X^^^j^^)/ /Ft = Xr/ /Va x T we get 
the isomorphism j. Consequently, {t^ ^N^) ~ 'Kc,{t^N„) C (j^ ■ 

(2) Repeat the reasoning from (1) with appropriate inclusions. □ 



10.2. Dependent and independent cones. In further considerations we shall assume F — K*. 

Lemma 10.2.1. Let Y, be a simplicial strietly convex K* -semicomplex. Let Dep(I]) := {<t G E | Fcr = K*} 
and Ind(S) := {cr £ E | F^ 7^ X*}. Then 

1. For a G Ind(E), tTq- is an immersion into the lattice of the same dimension. 

2. For a G Dep(I]), tt^ is a submersion onto the lattice such that dim(iVo.) — dim(A'^) + 1. Moreover 
there is a vector G determined by a K* -action which spans the kernel of t:^. 

Proof. If (T G Ind(I]) then F^- is finite and there is an immersion M^, of lattices of the same 

dimension, where is a lattice of F-invariant characters. The dual morphism iVo- is also an 

immersion of lattices of the same dimension. If cr G Dep(S) then T^r = K* is a subtorus corresponding to the 
sublattice N := (Q-Wo-)n7Vo- of A^o-- The projection tTo- is defined by the quotient map No- — * N„/N ~ . □ 

Lemma 10.2.2. Let be a simplicial strictly convex K* -semicomplex. Then for any faces t < a in Dep(S]), 

Proof. The induced toric morphism X^ — > X„ is i4'*-equi variant. □ 
Definition 10.2.3. (see Morelli |^^) Let A be a canonical subdivision of a _fr*-semicomplex S. Let cr G E. 

1. A cone 5 G A"' is called independent if the restriction of tTo- to (5 is a lattice immersion. Otherwise 
5 G A"' is called dependent. 

2. A minimal dependent face of A'^ is called a circuit. 

3. We call an independent face t up-definite (respectively down- definite) with respect to a dependent face 
5 if there exists a nonzero functional on i5 C such that F{v„) > (respectively F{va) < 0), and 
T^{v ecT\ F{v) = 0}. 

Lemma 10.2.4. Each dependent cone 6 = (vi, . . . ,Vk) € A" defines a unique linear dependence relation 

riTT^ivi) -\- . . . -\- rkTT^ivk) = *. 
This relation is determined up to proportionality. 

Proof. TTa-iS) is fc — 1- dimensional cone spanned by k rays. □ 

Definition 10.2.5. 1. The relation (*) is positively normalized if the rays (vi) for which > form an 
up-definite face 

2. The rays for which rt > (in a positively normalized relation) are called positive, the rays for which 
Ti < are called negative, the rays for which r.i = are called null rays. The face r of a cone S is called 
codefinite if it contains only positive or only negative rays. 

3. For any cone S we denote by (respectively 6+) the fan consisting of all faces of S which are down- 
definite (respectively up-definite). By S~ (respectively S~^) we denote the face of S spanned by all 
negative rays and null rays (respectively by all positive rays and null rays). 

Lemma 10.2.6. The relation (*) is positively normalized iff there exists a > 0, such that 

rivi + . . . + rfeUfc = avs 
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Proof. Let F be a nonnegative functional on S which is exactly on {vi | > 0). Then {vi | > 0) is 
up-definite iff F{vs) > 0. The latter is equivalent to a > 0. □ 

Lemma 10.2.7. Let t — (vi, . . . ,Vi, . . . ,Vk) be a face of S of codimension 1. Then r is up-definite iff 
n>0. 



Proof. Let F be a nonnegative functional on 5 which is exactly on r. Then by Lemma 10.2.6, r.i > iff 



F{vs) > 0. The latter means that r is up-definite. □ 

Lemma 10.2.8. If t ^ S is up-definite (respectively down- definite) then any face t' < t is up-definite 
(respectively down- definite) with respect to S. □ 

Proof. Let F be a nonnegative functional on S which is exactly on r and such that F{vs) > 0. Let F' 
be a nonnegative functional on r which is exactly on t'. Then nF + F', where n >> 0, is a nonnegative 
functional on S which is exactly on r' and (nF -f F'){vs) > 0. □ 

Lemma 10.2.9. ThesetS-^ (respectively S- ) is a subfan of S with maximal faces of the form {vi, .. . ,Vi,... ,Vk) 
where r-i > (respectively r-i < Oj. In particular, each boundary face is up-definite or down- definite. The 
projection t:s maps 6+ (respectively 6-) onto the subdivision ng {6 j^) (respectively t:s{S-) of-Ksi^). Moreover 
the restriction of tt to any boundary face is a linear isomorphism. 

Proof. Let w be a vector in \6^\. Then either the line tt^^{v) — {v} -'rlm{vs) intersects the relative interiors 
of exactly two boundary faces at one point each and tt^^{v) 6 is an interval or Tr~^{v) intersects the relative 
interior of one boundary face at a point and tt~^{v) n ^ is the point. In the first case one of the faces is 
up-definite and one is down- definite. In the second case let t be the boundary face containing p = Tr~^{v)nd. 
Let F be a nonnegative functional on 5^ which is zero exactly on r. Let F' be any functional on which 
equals on r and such that F'{vs) > . Then (nF o tt) ± F', where n >> 0, is nonnegative on 6 and equals 
exactly on r. Moreover (nF o vr + F'){vs) > and (nF o tt — F'){vs) < 0. Hence r is up-definite and 
down-definite. □ 

Lemma 10.2.10. Let 6 G A"' be a dependent cone. Set :— {vi \ r^ > 0). The ideal Iq ^ of the closure of 
Os+ is generated by the set of all characters with positive K* -weights. 

Proof. Let x™, to G (5^ n AIs be the character with the positive weight. Then {m,vs) > O. By Lemma 



10.2.6, there is > in a positively normalized relation such that {m,Vi) > 0. Then is zero on the 
divisor corresponding to Vi and on Os+ . On the other hand for any > we can find a functional to^ such 
that (nii, Vi) > 0, (m^, vg) > O, {mi, Vj) — , where j ^ i. Then Og+ is the set of the common zeros of x™' , 
ri>0. □ 

We associate with a cone S £ A"' and an integral vector v £ a vector Mid(u,(5) £ S (|^9|. If S is 
independent face, then Mid(w,5) is defined to be the primitive vector of the ray Q>o • Tr^^{v) C 5. If (5 is 
dependent let tts_ = T^a\5- ^nd tt^^ — n^^g^ be the restrictions of tt^ to S- and S^. Then Mid{v,S) is the 
primitive vector of the ray spanned by ttJ^{v) ttJ^{v) £ 6. 



Remark. By Lemma 10.1.2 the local projections tt^ : No- — > commute with subdivisions and face restric- 



tions therefore the above notions are coherent. 



10.3. Stable vectors on simplicial i4'*-semicomplexes. In the section S denotes an oriented strictly 
convex _R'*-semicomplex. 

Lemma 10.3.1. Let a be a semicone in S. Then acts on 

and the morphism X„ — > X^r is G^-equivariant. Moreover X^r — ^crrxregCcr) • 

Proof. Follows from the fact that the action of G"^ commutes with Fo-. □ 
Lemma 10.3.2. Let a be a dependent cone in E. Then 
1. Xa-_ '■= X^_ Xx„ C Xg- is Gcr -invariant. 

2- X^^_(^„_) X^^_(„_) ^x,^,) ^7r(<7) is proper G^-equivariant. 
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Proof (1) By Lemma |10.2.9| , cr_ = \ Star(cr+, ct). By Lemma |10.2.6|, th e ideal of 0„+ = X„\ X„_ is 
generated by all semi-invariant functions with positive weights (see also 

(2) Follows from Proposition 7.6.1 since Vert(7ro-_ (cr_)) = Vert(7r(cr)) □ 



|th. 



Lemma 10.3.3. Let a be a cone of the maximal dimension. Let F denote the functional on r := cr^ defined 
by some integral vector v G which is not in a. For any integral k set := {w £ r | F{v) — k}. Then 
there are a finite number of vectors Wki, . . . , Wki^ S Tk such that 

[J (Wki+To). 



Tk 



Proof. We can replace r by a regular cone tq by considering the epimorphism p : tq ^ t mapping generators 
to generators. Then F defines a functional on tq. Let Tofc := {v € tq \ F(v) = k}. Let xi,. . . ,Xm define 



the standard coordinates on r 



-'>o- 



Without loss of generality we can write F = nixi 



nixi 



UrXr, where I < r < m and all Ui > 0. Then tqu = {tqu n (Z>q x {0})) + ({0} x Z™ '"), 



ni+ixi+i - . . . 
where {0} x Z"-'' C tqo. 

By a ^-minimal vector we shall mean a vector v G tq/c H (Zt!,Q x {0}) such that there is no w G tqo H (Z^,q x 
{0}) for which u — w £ rofe. It suffices to show that the number of fc- minimal vectors is finite. Suppose 
2^10 (w) ^ (tt-i + • . . + + . . . + Ur) + \k\ for some io < I and let Xj^ := max{a;i(w) \ I + I < i < r}. Then 

^.0 > "'Zf.Zr = "'^^ > (ni + . . . + (n^+i + ■ . . + rv)/(n,+i + . . . + n^) ^ n, + . . . + 

Then w :— (0, . . . , nj^, . . . , 0, . . . , . . . 0) e tqo, where the io-th coordinate is Uj^ and the jo-th co- 
ordinate is . Thus v — w r^k and v is not fc-minimal. Consequently, all minimal A-vectors satisfy 
max{a;i(u) \1 <i <r} < [ui + . . . + n()(ri(+i + . . . + Ur) + |fc|. □ 

As a corollary we get 

Lemma 10.3.4. Let K[Xa\ = ^/^[Xct]'^ be the decomposition according to weights with respect to the 
Per = K* -action. Then K[Xrj\^ is a finitely generated K[Xrjf -module. □ 



Lemma 10.3.5. Let a be a dependent cone in E. Denote by j^^ 
j,r^ : X(j_ — > X„_ /Per the quotient morphisms. Then 



X„ 



Xcr_/Ta and 



1. Xcr_/Pcr ~ 

2. Jt^^ : X^_ —>■ X^^ is G„-equivariant. 

3. For any v G n{aJ), j*{val{v, X„^_(^„_))) = val(7r^_i(w), ). 

4. //val(w,X^^ (o--)) *s G°" invariant then j*^ (val(w,X7r^ = val(7r^j'"(w), ) is -invariant. 
Proof. (1) For r G cr_ set Xr := Xf^- jy^) Xg., 



X^ 



x^ 



Then = if [X(,,jv„)] if [^.]. 

The elements of this ring are finite sums ^ Xifii where fi G if [Xo.] and Xi G is a character. Set 
i?i := K[Xr/r,] - if [X^-] = (if [Jf,] 0K[x„] if [^.])^% 
i?2 if[X^^_(r)] = if[X^^_(^)] ^iKix^j^,] if [^x^] C i?i. 

i?2 consists of elements J^Xifi: where Xi ^ t'^ and /i G K[Xcr] have weight 0. i?i consists of el- 



ements J2Xifij where Xi ^ t'^ and fi G if[^cr] have opposite weights. By Lemma 10.3.4 there is a 

finite number of characters Xij G "'^ such that fi = '^Xijfijj where have weight zero. Finally, 

Xi/i X/i Xi(X^j Xij fij) X/i ^2jiXiXij)fij ^ -^2- 

(2) Follows from (1). 



(3) By Lemma 10.2.9 the projection vr :— 'k„_ maps cones of cr_ isomorphically onto cones of Tr((T_). 
By [Q, Ch. I Th. 9, the sheaf of ideals I :— Tva\{-K{v)),d on corresponds to the strictly 



convex piecevise linear function ord(Z). By definition and Lemma 5.2.1 , ord(T ) equals on all cones not 
containing v. Let r G cr_ be a cone containing v. By the proof of Lemma 5.2.5, if d is sufficiently divisible 
then for any face 5 of t such that 5 does not contain v, there is an integral vector m7r(5)^^(r) G ''^{'^Y for 
which(TO7r((5).7r(r): ■'''(^^)) — d , »Tijr(5)^7r(T) IS On 7r((5) and ord(I) equals »Ti7r(5)^7r(T) on 7r((5 4- {v)). 
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In particular X is generated on each cone X,r(r) by to^^^) ^^j^), where of (5 is a face of t that does not contain 
V. Let 7715 = "^7r(5) o TT e be the induced functional on M^. Thus the ideal 7r*(X) is generated on each 
cone where r G ct_ contains by 70,5 ,-, where (5 doesn not contain v. Then (7775 ^,7;) = d , is on 5 



and ord(7r*(X)) equals tti^^t- on 6 
(4) Follows from (2) and (3). 



(t;). This gives by the proof of Lemma 5.2.8, 7r*(X, 



^val(7r(i;)).d. 



□ 



Lemma 10.3.6. Let t < a be faces of E. Then either the inclusion maps t to a face of a , or t is 
independent, a is dependent, and is mapped isomorphically onto the face of Tr{(j-) (or 7r((T_|_)J. 

Proof. If both faces r and a are independent then it follows that tto- and ttt are linear isomorphisms. Then 
i'^^{t^) is a face of . If r and cr are both dependent then the kernel of the projection tto- is contained in 
lin(r). Then 7r(r) is a face of 7r((T). If r is an independent face of a dependent cone a then r is a face of (t_ 
or (7+. Both fans consist of independent faces of a and project onto the subdivisions 7r((7_) and 7r((T+) of 
7r(cr). □ 

Definition 10.3.7. A vector v £ int(cr^), where cr £ S, is T,-stable if for any t > a the corresponding 
valuation val(7^'"(7;)) on X^r is C^-invariant. A vector 7; G u'" is T,-stable if there is a S-stable vector 



vo G int((T5 ), where cq < cr, for which 7; 



Proposition 10.3.8. Let a be a semicone in E. A vector v G int(cr) is Tj-stable if na{v) G (7^ is T,-stable. 

Proof. A stable vector v G int(cr) determines a C^-invariant valuation on any X.,- for r > cr. Consequently, 
it determines a C^-invariant valuation on any Xr /Tt and finally TTa{v) is E-stable. 

Now let V G int(o') be an integral vector such that ■Kcr{v) G u\t{a^) is stable. Then val(7ro-(7;)) is C^- 
invariant on Xt/Tt- We have to prove that v is stable, or equivalently, that for any r > cr, val(7;) is 
G^-invariant on X^. Consider two cases: 

(1) T G Ind(S). The morphism j^^ : X^ Xt/Tt- = X^r is C^-equivariant. The valuation j7r^*(val(7;)) — 
val(7rT-(7;)) is G^-invariant on Xr/^r- Thus for any g G G'^, g*j7r^*(val(w)) — j-K^*g*{^sl[v)) — j^_^,(val(7;)). 
This means that val(7;) and g^{^ra\.{v)) define the same functional on the lattice of characters and 
consequently M,- (since = (M^)*^ ). This shows by Lemma [5.1.3 that 5,(val(7;)) > val(7;) and finally 
by Lemma 5.1.4 we conclude g*(val(7;)) = val(v). 



(2) r G Dcp(E). By Lemma [To3^ (2), 

i/K* ■ ^tt(t-) ~^ ^tt(t) is a C^-equivariant proper birational 



morphism. Then the valuation val(u, A"^(^_-)) = (v^** (val(7;, ^"^^(r))) is C^-invariant. By Lemma 10.3.5| (4), 
j*^ (val(7r(7;), = val(7r~J^7r(u), Xt-_ ) is C^-equivariant. We get 'K:^}{-n{v)) G Inv(r). Analogously 



TT^ "'"(7r(7;)) G Inv(T). By Lemma 6.2.l| this gives v G (7r^j'"(7r(7;)), tt^ -'-(7r(7;))) C Inv(T) 



□ 

Proposition 10.3.9. Let a G Ind(E) be an independent face ofS. Then 

1. All vectors in paT(CT'") fl int(cr'") are 'S-stable. 

2. All vectors in par(CT^) are Yj-stable. 

Proof (1) Let v G par(cr'") nint(a'"). We have to prove that it defines a C^-invariant valuation on any 

^7r,(r) for r > (T. 



By Lemma 10.3.6 cither cr is a face of r or r G Dep(S) and a is a face of UriT-) (or 'Kr{T+))- In the 



first case a is a is a C^-invariant face of r . By Lemma 6.4.1(2), val(v) defines a C^-invariant valuation on 



X^r. In the second case cr is a G'^-invariant face of t_ (or r+). Consequently, the closure of the orbit O^r 
in Xtt^^t- ) is Gr-invariant. Let i/k* ■ ^TrT(T_) — ^ Ar7rT(r) be the Gr-equivariant morphism defined by the 
subdivision tTt-{t^) of 7r^(T). Then by Lemma 6.4.1(2), par (cr'") H int(cr'") is contained Inv(7r7.(T)). 



(2) Let 7; G par(7rcr (cr)). Then 7; G par(7ro.(T)) n int(T) for some F-indecomposable face r of cr. We apply 
(l). 

Lemma 10.3.10. Let a ~ {vi, . . . ,Vk) be a circuit in E with the unique relation '^aiWi ~ 0, where all 
ai ^ and Wi = prim(7ro-(7;i)). Then Ctr_(CT) := <o^i '^'^'^ Ctr+(cr) := >o '^'^^ T,-stable. 

Proof. We have to sho w that for any r > cr the valuation val(Ctr_(CT), X^r) is Gr-invariant on X^r. 
By Lemmas 10.2.10 and 10.3.2(1), the face cr^ = {vi)ai>o G cr_ c r_ corresponds to the G'^-invariant 
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closed subschenie of C X^.. Therefore the orbit closure scheme O^^j-g.--) c X^^j,- ) is G"^ -invariant. By 
Lemma ^.4.1 (2), applied to the subdivision 7rT-(T_) of TTrir), v :— Ctr_(cr) defines a C^-invariant valuation 
on X^^(r)- □ 

Lemma 10.3.11. Let A be a canonical subdivision ofT,. 

1. If V ^ par(7r((5)), where 5 G A'^, is an independent cone, then Mid(t',i5) is H-stable. 

2. Let 6 e A" be a circuit. Then Mid(Ctr+(^), 5), Mid(Ctr_(^), (5) are Testable. 

Proof (1) There is a F-indecomposable cone 5' ^ 5 such that v £ par(7r((5')). Then 5' G A^^^^,^. We apply 
Lemma [To3to| and P roposition \loJ^ to 5' G E' = A^tab to deduce that Mid('y,i5) = Mid{v,S') is E'-stable. 
By Proposition 9.2.1(3), it is E-stable. 



(2) The circuit S G A"' is F-indecomposable. Thus 5 G Agtab- We apply Lemma 10.3.10 and Proposition 
|10.3.8| to S G = Astab to infer that Mid(Ctr+(5), (5), Mid(Ctr_(5), 5) are E'-stable. Consequently, by 



Proposition p. 2. 1 (3) they are E-stable. □ 
10.4. The TT-desingularization Lemma of Morelli. 

Definition 10.4.1. An independent cone 6 G A'^ is n-nonsingular if TTa-{S) is regular. A subdivision A is 
TT-nonsingular if all independent cones in A*^, where cr G E, are n-nonsingular. 

Definition 10.4.2. (Morelh [|o), [|) Let tt : := ® Q ^ be the natural projection and 

''^ — ({0} X 1) G iV*^. A fan S in is called a polyhedral cobordism or simply a cobordism if 

1. For any cone G S the image 7r(cr) is strictly convex (contains no line). 

2. The sets of cones 

:= {(7 G S I there exists e > 0, such that cr -I- e • u ^ |S|} 

and 

S_ = {(T G S I there exists e > 0, such thatcr + e • u ^ 
are subfans of E and 7r(E_) :~ {''"(r) | r G S-} and 7r(E+) {7r(r) | r G S+} are fans in N^. 

Lemma 10.4.3. (Morelli |5^, ^) Let 'S be a simplicial cobordism in . Then there exists a 

simplicial cobordism A obtained from T, by a sequence of star subdivisions such that A is -n-nonsingular. 
Moreover, the sequence can be taken so that any independent and already n-nonsingular face of S remains 
unaffected during the process. Moreover all centers of star subdivisions are of the form (1), (2) from Lemma 



10.3.11. □ 



A simple corollary of the above lemma is 

Lemma 10.4.4. Let be a simplicial strictly convex K* -semicomplex. Then there exists a canonical subdi- 
vision AofTi which is a sequence of star subdivisions such that A is n-nonsingular. Moreover, the sequence 
can be taken so that any independent and already n-nonsingular face of S remains unaffected during the 
process. Moreover all centers are of the form (1), (2) from Lemma 10.3.11 and therefore are "S-stable. 

Lemma 10.4.5. f^^, Lemma 10, Let w\,... ,Wk+i be integral vectors in C Q'^ which are not 

contained in a proper vector subspace of Qj^ . Then 



^(-1)' det(wi, ... ,Wi,... ,Wk+i) ■Wi = 

is the unique (up to proportionality) linear relation between wi, . . . ,Wk+i. 

Proof. Let v :— X]"=i(~l)* det(it;i, . . . , Wi, . . . , Wk+i) ■ Wi. Then for any i < j, 

det(wi, ... ,Wi,. .. ,Wj,. . . ,Wk+i,v) = det(w;i, ... ,Wi,. . . , Wfc+i) • det(?i;i, ... ,Wi,.. . ,vjj,.. . ,Wk+i,Wi)-\- 
det(wi, ... ,Wj,. . . ,Wk+i) ■ det(wi, ... ,Wi,. . . ,Wj,. .. ,Wk+i,Wj) = 
(-l)*(-l)''"Met(?i;i, ... ,Wj,... ,Wk+i) ■ det(w;i, ... ,Wi,... ,Wk+i)-\- 
{-ly (-1)''^^+^ det{wi, . . . ,Wi,... ,Wk+i) •det(wi,... ,Wj,... ,Wk+i) =0 

Therefore v G flij lin{wi, ... ,Wi,. .. ,Wj,. .. , Wfe+i} = {0}. □ 
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Lemma 10.4.6. IfT, is a simplicial cohordism which is n-nonsingular and a £ is a circuit then 
Mid(Ctr^(cr), cr) = Mid(Ctr_(cr), cr) and Mid(Ctr_|_ (cr), cr) • S is n-nonsingular. 

Proof. Let a — {vi, . . . , Vk) be a curcuit and Wi := prim(7r((t;i})).. 



Then by Lemma 10.4.5, in the relation the unique relation ^ aiWi = all ai = det[ii;i, ... ,Wi, . . . , Wk] — ±1 
and projections of "new independent faces" are regular since they are obtained by regular star subdivisions 
applied to projections of "old" independent faces. □ 

Proof of Lemma 10.4.4, First note that the local projections tTq- : N^^ glue together and commute 

with subdivisions by Lemma 10.1.2 and therefore the notion of 7r-nonsingularity is coherent. Let cti, . . . ,(Tfc 



denote all the faces of S. We shall construct by induction on i a canonical F-subdivision of S such that 



the fan A^^ is vr-nonsingular for all j < i. Suppose A^ is already constructed. By Lemma 10.4.3 there exist 



centers vi , . 



, Vk of the appropriate type for the cobordism A^'"*""^ in N^.^^ such that {vk) 
TT-nonsingular. It follows from Lemma 10.3.11 that all centers in the 7r-desingularization process are S-stable 
hence by Proposition 5.4.1, A^+i :— (vk) • . . . • (ui) ■ A^ is canonical. By construction A^iy is 7r-nonsingular 



Ai+i :— (vk) • . . . • (vi) ■ Ai is canonical. By construction A^^j^ 
Note that A^^j^ for j < i + 1 is obtained by star subdivisions of the 7r-nonsingular cobordisms A^' at centers 
of type Mid(Ctr-|-(5), (5) only and hence by Lemma 10.4.6 it remains 7r-nonsingular. □ 



For completeness we give a simple proof of Lemma 10.4.3. The original proof of Morelli used different 
centers of star subdivisions but finally it was modified by the author ([^,|^^). The complete published 
proof of the lemma is given in |^ (pO|). The present proof is based upon the algorithm developed in [ fz^ . 
All algorithms in their final versions use the same centers of subdivisions and are closely related. 



Proof of Lemma 10.4.3 



Definition 10.4.7. Let 6 = (wi, . . . ,Vk) be a dependent cone and Wi :— prim(7r(('i;j))). Then we shall call 
the relation X]i=i ^i""^* — ^ normal if it is positively normalized and |r,;| = | det(?x;i, . . . ,Wi,... ,Wk)\ for 
i = 1, . . . ,k. An independent cone a is called an n-cone if | det(CT)| — n. A dependent cone a is called an 
n-cone if one of its independent faces is an n-cone and the others are m-cones, where m < n. 



Lemma 10.4.8. Let T, be a simplicial coborism and 6 = {vi, 
Set Wi := prim(7r((wi))). Let 

riWi = 



,Vk) be a maximal dependent cone in S. 

(0), 



where \ri\ — \ det(?i;i, . . . ,Wi, . . . ,Wk)\, be its normal relation (up to sign). 

(1) Let V = Mid(Ctr_|_(5), 5) G int(i'i | r,j ^ 0). Let >1 be the integer such that the vector w — :^{wi + 
. . . + Wk) is primitive. Then the maximal dependent cones in (v) -S are of the form Si — (wi, ... ,Vi, . . . ,Vk,v). 
la. Let ri^ > 0. Then for the maximal dependent cone Si^ = (wi, ... ,Vig,. . . ,Vk,v) in (v) ■ S, the normal 
relation is given (up to sign) by 



E ■ 



■Wt + ri„vu = 0. 



lb. Let rig < 0. Then for the maximal dependent cone 6ig — (wi, . 
relation is given (up to sign) by 

■ r ■ 

—Wi +ri„w = 0. 



i-i<0 



(la) 

,Vk,v) in {v) ■ 5, the normal 
(16) 



(2) Let a = {vi \ i £ I) be a codefinite face of 5. For simplicity assume that > for i £ I. Let 
w = "^i^iCiiWi £ par(7r((T)) nint(7r((T)) and v — Mid(w, cr) e int(cr). Then the maximal dependent cones in 
(v) ■ S are of the form Si„ = (wi, ... ,vii„, . . . ,Vk,v), where io £ /. 

2a. Let io £ I and ri„ > 0. Then for the maximal dependent cone 6i„ — {vi, . . . ^Vi^, . . . ,Vk,v) in (v) ■ 5, 
the normal relation is given (up to sign) by 



i&I\{io}.ri>0 



{aigr^ - air^g)wi + 



CtiaTiWi 



-UirigWi + ^ aigriWi + ri^w ^ 0. (2a) 



ri<0 



2b. Let io £ I and rig — 0. For the maximal dependent cone 5ig — ('^i; 
relation is given (up to sign) by 

ai^riWi + Owio = 0. 

ie/\{io} 



,Vig,... ,Vk,v), the normal 
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Proof. It is straightforward to see that the above equahties hold. We only need to show that the relations 
considered are normal. For that it suffices to show that one of the coefficients is equal (up to sign) to the 
corresponding determinant 



we 



Comparing the coefficients of w in the above relations with the normal relations from Lemma 10.4.5 
get 

la. det(wi, ... ,Wig,... ,Wk) =ri„. 

lb. The coefficient of w is equal to det(?i;i, . . . , Wig , ■ ■ ■ , Wk)) = ri^^ 

2a. The coefficient of w is equal to det(wi , . . . , Wig , . . . ,Wk) = 

2b. The coefficient of Wi, where > 0, is equal to 
det(u;i,... ,Wi„,... ,Wi,--- ,Wk,w) = a^^ det(wi, . . . ,Wi,--- ,Wk,Wig) = 

□ 

Let 6 = (vi, . . . ,Vk) be a dependent cone. Let ^ riWi = be its normal relation. 

We shall consider the following kinds of dependent cones. 

Type /: the cones which are pointing down: Cardfri \ Vi < 0} — 1. 

and the cones pointing up: Cardjri | > 0} = 1. 

Type /(n, n): the cones of type / for which max{|ri| \ ri > 0} — max{\ri\ | < 0} = n. 

Type I{n, *): the cones pointing down for which max{|ri| | > 0} < n and max{|ri| | r.^ < 0} = n and 
the cones pointing up for which max{|ri| | < 0} < n and max{|ri| | > 0} = n. 

Type the cones pointing down for which max{|ri| | r.^ < 0} < n and max{|ri| | > 0} = n, and 

the cones pointing up for which max{|ri| | 7'^ > 0} < n and max{|ri| \ ri < 0} — n. 

Type //: the cones which are neither pointing down nor pointing up: Cardjri | > 0} > 1 and 
Card{r, | r, < 0} > 1. 

Type II{n, n): the cones of type // for which max{|ri| | r,; > 0} = max{|ri| | < 0} = n. 

Type II{n^*): the cones of type // for which max{|ri| | ^ 0} = n but max{|ri| | > 0} < n or 
max{|ri| j < 0} < n. 

Type ///: the cones which are pointing down and pointing up at the same time: 
Card{r, | r, > 0} = Card{r, | < 0} = 1. 

Type III{n,n): the cones of type /// for which max{|ri| | r.; > 0} = max{|ri| \ ri < 0} — n. 

Types /(*, //(*, *), III{*, *) the cones of type /, //, ///, respectively, for which max{|ri| | ^ 0} < n. 

Denote by n the maximum of the determinants of the projections of independent cones in the simplicial 
cobordism S. The 7r-desingularization algorithm consists of eliminating all dependent n-cones according to 
the above classification. 

All normal relations below are considered up to sign. 
Step 1. Eliminating all cones of type II{n, n) 

Let 5 be a maximal dependent cone of type II{n,n) in S with normal relation (0) (see Lemma 10. 4. S). 



By Lemma 10. 4. S after the star subdivision at Mid(Ctr+,5) all new dependent 6' — Si^ cones have normal 
relations of type (la) if r^,, > or (lb) if rig > 0. If r^^ > in the relation (la) the absolute values of 
the coefficients satisfy i^l^i — 7'io I < the absolute values of the other coefficients can be n only for some 
ri < and rig. If < n then there is no positive coefficient in (la) which is equal to n. Hence S' can be of 
type I{n, *), n), /(*, *), II{n, *) or //(*, n). If ri„ — n then there is only one positive coefficient (of w) 
in (la). The other coefficients are = < and < 0. Thus 6' is of the form I{n, *) or I{n,n). 

If 6' — Sig for rig < then the normal relation is of the form (lb). If |ri„| = n then 6' is of the form 
I{n,n). If \rig \ < n then 6' is of the form /(*,*). 

By taking the star subdivision we eliminate dependent cones in Star((5+,I]), with the normal relation 
proportional to (0). All the dependent n-cones we create are either of type / or II{n, *). 
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Step 2. Eliminating all cones of type I{n, n). Let (5 be a maximal dependent cone of type /(n, n). Without 
loss of generality we may assume that S is pointing down (one negative ray). Then 5+ is of codimension 1 

and det(7r((5+)) = n. 

Find w+ G par(7r((5+)). Then v+ G int(7r((7t,)), where ay is a face of . Thus ay is independent. 
Step 2a. Making codefinite with respect to all dependent cones in Star((T„, S). 

By applying certain star subdivisions we eliminate all cones for which is not codefinite. Let S' G 
Star((Ti,, S) be any dependent cone for which is not codefinite. Note that S' is not of type /// since in 
this case the circuit consists of one positive and one negative ray and the noncodefinite face ay containing 
positive and negative rays would contain a circuit, which is impossible for an independent cone. Therefore 
6' is either of type / or //. 

Suppose first that S' = {vi,. . . , Vk) is of type /(n, n) or /(*, n). Without loss of generality we may assume 



that there is only one coefficient r^^ > (equal to n) in the normal relation (0) from Lemma 10.4.^ (1). 

Since ay is not codefinite with respect to 5' , we have Vi-^ G ay. Note that Ctr+((5') = prim(7r((uij })) 
and for v := Mid(Ctr+((5'), (5') we have prim(7r((uij ))) = prim(7r((uij ))). Let Wi : — prim (7r((«t, ))) and 



w := prim(7r((u))). Then w = Wi-^. After the star subdivision of 5' at {v) by Lemma 10.4.q (la), we create 
a dependent cone 5[_^ in {v) ■ 5' with the normal relation obtained from the relation (0) by replacing w with 
Wi-^ . Since ay contains only negative rays of 5[_^ it is codefinite. We also create dependent cones , where 
io ^ ii, of type /// {III{n, n) or III{*, *)) with the normal relation ri^w — ri^Wi^ = (case lb). The face 
ay is codefinite with respect to 5^^^. Thus after blow-up we create one cone of the type I{n,n) and cones of 
type III{n, n) or *). Since at the same time we eliminate the cone S', the number of maximal cones of 

type /(n, n) remains the same. After the star subdivision ay is codefinite with respect to all new dependent 
cones. 

Suppose 6' is of type I{n, *), !{*, *) II{n, *) or / /(*, *). Without loss of generality we may assume that 
in the normal relation (0) for S' (see Lemma 10.4.§| (1)): 



max{rj | > 0} > max{|ri| | < 0}. 
In particular max{|ri| | < 0} < n. 

We shall assign to such a cone d' for which ay is not codefinite, the invariant inv((5') :~ (maxjr^ | > 
0},max{|ri| | > 0}), ordered lexicogragraphically. 

By Lemma 10.4.8| (1)), after the star subdivision at Mid(Ctr_|_(5'), J') all new dependent cones 6" = 5[ 



have normal relations of type (la) if > or (lb) if r^^ < 0. 

If ri„ — max{ri | > 0} then in the relation (la) there is only one positive coefficient of w which is equal 
to r^Q. All other coefficients: and < are nonpositive with the absolute values < n. Thus S'^^ is of 

the type I{n, *) or /(*, *). The face ay is codefinite with respect to S'^^. 

If < Tig < max{ri | r,; > 0} then the absolute values of the coefficients , and < 0, are < n. 

The cone (5-^ is of type /(*, *), //(=(=, *), *) and inv(^^^) < inv(^'). 

If ri„ < then the absolute values of all coefhcients in the relation (lb) are equal to \rig \ < n or \^^\ < n 
and 5[^^ is a dependent cone of type /(*, *) for which ay is not codefinite. 

We repeat the procedure for all cones 5" for which ay is not codefinite. The procedure terminates since 
for all new dependent cones for which ay is not codefinite the invarinat mv{5') drops. 

Step 2b. Eliminating 5. Apply the star subdivision at {v) to the resulting cobordism. We eliminate all 
cones in Star(CTt,). In particular 5 G Star((T„) will be eliminated. By Step 2(a) ay is codefinite with respect to 
all dependent cones in Stai{ay). All such cones 5' can be of the type /(n, n), /(*, n) I{n, *), /(*, *), II{n, *), 
//(*,*), III{n,n), ///(*,*). 



By Lemma 10.4.8 (2) all new dependent cones after the star subdivision have normal relations of the form 
(2a) and (2b). 

Since all the coefficients in normal relations of the form (2b) are < n, the corresponding dependent cones 
are of the form /(*, *), //(*, *), *)■ 

In the normal relation of the form (2a) for the absolute values of the coefficients of Wi, for i ^ ii, are 
< n. The coefficient r^^ of w is the only one which can be equal to n. Therefore all new dependent cones we 
create are of the type I{n, *), /(*, *), II{n, *), //(*, *), III{*, *). 



Step 3. Eliminating all cones of type /(h<,7i) and II{n^*). 
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Let 5 = (wi, . . . ,Vk) be a cone of the type /(*,n) or //(n, *). 

We may assume that the positive coefficients in the normal relation are < n and the absolute values of 
all negative coefficients are < n. Then 5^ contains at least two positive rays. 

By Lemma 10.4.8| (1) after the star subdivision at Mid(Ctr4.((S), i5) we create new dependent n-cones 5ig 
only for = n in case (la). Then by the same reasoning as in Stepl, 5ig is of type /(n, *). 



Step 4. Eliminating all cones oj type III{n,n). 

Let i5 be a cone of type III{n,n). Then 7t{S^) = TT{d^). Find w E par(7r((5+)) and let v :— Mid(w, (5+). 
Then v is in the relative interior of a face of 

Step 4a. Making codefinite with respect to all dependent cones in Star(crt,, E). 

Let 6' G Star(CTt,, S) be any dependent cone for which ay is not codefinite. As in Step 2, S' can be only of 
type / or //. Then 6' is of type I{n, *), /(*, *) or //(*, *). 

Suppose S' is of type I{n, *). Without loss of generality we may assume that in the normal relation for 6' 
there is only one positive coefficient r^^ equal to n and |rj| < n for all negative coefficients r^. 

Since is not codefinite with respect to 6', we have G a^. Note that Ctr+((5') = (uij) and for 
V :— Mid(Ctr+(5'), <5') we have w = Wi-^. After the star subdivision at {v') by Lemma [l0.4.8 (l) we create 
one dependent cone (5,'^ with the normal relation obtained from the normal relation for d' by replacing v 
with Wij, and some dependent cones S'^^, for iq ^ ii, which are of type ///(*,*) with the normal relation 
rigW = Vi^Wi-^. After the star subdivision (T„ is not codefinite with respect to any new dependent cones. 

Suppose 6' is of type /(*, * ) or // (*, *). Without loss of generality we may assume that in the normal 
relation (0) for S' (see Lemma 10.4.8 (1)): 

maxjri | > 0} > max{|ri| | < 0}. 

In particular max{|ri| \ Vi < 0} < n. 

We shall assign to such a cone 6' for which (T„ is not codefinite, the invariant mv{6') := (maxjr^ | > 
0},max{|ri| | > 0}), ordered Icxicogragraphically. 

By Lemma 10.4.8| (1)), after the star subdivision at Mid(Ctr_|_(5'), (5') all new dependent cones S" = S'^^ 
have normal relations of type (la) if rig > or (lb) if ri^ < 0. 

If rig = max{ri | > 0} then in the relation (la) there is only one positive coefficient of w which is equal 
to rig < n. All other coefficients: and < are nonpositive with the absolute values < n. Thus S'ig 

is of the type /(*, *). The face ay is codefinite with respect to (5^^. 

If < rig < max{ri | > 0} then the absolute values of the coefficients rig and < 0, are < n. 

The cone (5^^ is of type /(*, *), //(*, *), *) and inv(5^^) < inv(^'). 

If rig < then the absolute values of all coefficients in the relation (lb) are equal to \rig \ < n or |^| < n 
and S'ig is a dependent cone of type /(*, *) for which (t.„ is not codefinite. 

We repeat the procedure for all cones S" for which ay is not codefinite. The procedure terminates since 
for all new dependent cones for which ay is not codefinite the invarinat inv(i5') drops. 

Step 4b. Eliminating 6. Apply the star subdivision at (v) to the resulting cobordism. We eliminate all 
cones in Star((T„). In particular S e Star(cr„) will be eliminated. By Step 4(a) ay is codefinite with respect 
to all dependent cones in Star(ai,). All such cones 6' can be of the type I{n, *), !{*, *), *), III{n,n), 
///(*,*). 

By Lemma 10.4.8 (2) all new dependent cones after the star subdivision have normal relations of the form 
(2a) and (2b). 

Since all the coefficients in normal relations of the form (2b) are < n, the corresponding dependent cones 
we create are of the form /(*, *), //(*, *), *). 

If S' is of type /(*, *), //(*, *), *) then all the coefficients in normal relations of the form (2a) are 

< n and the corresponding dependent cones we create are of the form /(*, *), //(*, *), III{*, *)■ 

If 6' is of type I{n, *) then we can assume that ay is a face of 6'^ . If S' is pointing down then all positive 
coefficients in the normal relation for d' are < n. In the normal relation (2a) for S'ig, where rig > 0, all 
coefficients are < n. If S' is pointing up then there is only one positive coefficient r,;j . In the normal relation 
(2a) for d'i_^ , the first two sums disappear and there is only one positive coefficient of w equal to rig < n. By 
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applying the star subdivision at (v) to S' we create one maximal dependnent cone of type /(n, *). At the 
same time we eliminate the cone S' of type /(n, *). 

If 5' is of type III{n, n) (for instance if S' = S) then there is one positive coefficient Vi-^ ~ n and one 
negative coefficient ri^ = —n in the normal relation for S' . 

After the star subdivision we create only one maximal dependent cone for io = *i having the normal 
relation of the form (2a). In the relation (2a) the first two sums disappear and there is only one positive 
coefficient of w equal to r^^ < n. The absolute values of the other negative coefficients are < n. Thus we 
create one maximal dependent cone of type /(n, *). 

Step 5. Eliminating all dependent cones of type I{n, *) and all n-cones which are not faces of dependent 
cones. 

Let (5 be a cone of type /(n, *) or an n-cone which is not a face of a dependent cone. 
In the first case without loss of generality we may assume that in the normal relation there is one negative 
coefficient equal to —n and all positive coefficients are < n (6 is pointing down). 

Then 7r((5+) — 7t{S). Find w e pa.r{7T{S^)) and let v — Mid{w, ((5+)). Then v G mt{(Ty), where ay is a face 
of S+. 

Step 5a. Making cry codefinite with respect to all dependent cones in Star(cri,, S). We repeat word by 
word the procedure in Step 4a. 

Step 5b. Eliminating 6. Apply the star subdivision at (v) to the resulting cobordism. We eliminate all 
cones in Star(tT^). By Step 5(a) ay is codefinite with respect to all dependent cones in Star((T^). All such 
cones 6' can be of the type I{n, *), /(*, *), //(*, *), III{*, *)■ We repeat word by word the procedure in 
Step 5a excluding the last case III{n,n). By applying the star subdivision at (v) we decrease the number 
of maximal cones of type /(n, *) (or independent n-cones). All new dependent cones we create are of type 
/(n, *), /(*,*), II{*,*). 

□ 

11. BiRATIONAL COBORDISMS 

11.1. Definition of a birational cobordism. 

Definition 11.1.1. (f?^]): Let Xi and X2 be two birationally equivalent normal varieties. By a birational 
cobordism or simply a cobordism B := B{Xi, X2) between them we understand a normal variety B with an 
algebraic action of K* such that the sets 

B^ := {x E B \ limt_,o tx does not exist} and 
5+ := {x e B \ limt_,oo ta; does not exist} 

are nonempty and open and there exist geometric quotients B^/K* and B+/K* such that B+/K* ~ Xi 

and B-/K* ~ X2 and the birational map Xi > X2 is given by the above isomorphisms and the open 

embeddings 5+ r\B^/K* into B+/K* and B^/K* respectively. 

11.2. Collapsibility. Let X be a variety with an action of K* . Let F d X he a, set consisting of fixed 
points. Then we define 

F+{X) = F+ {x G X I limta; G F}, F^ {X) = = {x G X | lim tx G F}. 

t— >0 t^oo 

Definition 11.2.1. (||7^]). Let AT be a cobordism or any variety with a if *-action. 

1. We say that a connected component F of the fixed point set is an immediate predecessor oi a component 
F' if there exists a nonfixed point x such that limt^o ta; G F and limt^oo tx G F'. 

2. We say that F precedes F' and write F < F' if there exists a sequence of connected fixed point set 
components Fo = F, Fi, . . . , F; — F' such that Fi_i is an immediate predecessor of Fi (see , Def. 

1- !)■ _ 

3. We call a cobordism (or a variety with Jsr*-action) collapsible (see also Morelli [Q) if the relation < 

on its set of connected components of the fixed point set is an order. (Here an order is just required 
to be transitive.) 
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Lemma 11.2.2. ('[[73[/ A projective cobordism is collapsible. □ 

Lemma 11.2.3. Let B be a collapsible variety and I be a K* -invariant sheaf of ideals. Then the blow-up 
B' := bl/(i?) is also collapsible. 

Proof. Set TT : B' ^ B. For any connected fixed point component F' on B' by abuse of notation denote by 
7r(F') the fixed point component containing the image tt{F'). Then for any Fq and F{ on B' the relation 
Fq < Fl imphes that either tt^Fq) < n{F{) or n{FQ) — n{F{). Consider the latter case. Let x £ F' and 
Ml,... , Ufc be semiinvariant generators. Then at least one of the fmictions 7r*(ui), say 7r*(uip), generates 
TT~^{I) ■ Ob' at X. We let ord(F) denote the weight of TT*{uig) with respect to the i^*-action. This definition 
does not depend on the choice of the semiinvariant generator. For any two generators t:*{u^-,) and 7r*(ujj) 
their quotient is a semiinvariant function which is invertible at the fixed point x B' , which implies that 
it is invariant function. This definition is locally constant, which means that it does not depend on the 
choice oi x £ X. Moreover the functions 7r*(ui), . . . , 7r*{uk) are sections generating 07r-i(;7) (~^); where D 
is the exceptional divisor of vr. This gives a iir*-equi variant morphism (p : tt~^{U) P'^' into a projective 
space with semiinvariant coordinates xi, . . . Xk having the same weights as ui, . . . ,Uk, say ai, . . . , Ofc. We 
can assume that ai < ... < a^. Then the function ord(-F) — min{ai | Xi{4>{F)) ^ 0} coincides with the 
one induced on P'^, and F < F' implies ord(i^) < ord(i^'). Define F F' ii either 7r(F) < 7r(F'), or 
7r(F) = 7r(F') and ord(F) < ord(F'). Since F < F' implies F ^ F' it follows that -< is an order on the fixed 
point components on B' . □ 



11.3. Decomposition of a birational cobordism. 



Definition 11.3.1. (||7^]). Let S be a collapsible cobordism and Fq be a minimal component. By an 
elementary collapse with respect to Fq we mean the cobordism _B^" := B \ Fq (see section 10.3). By an 
elementary cobordism with respect to Fq we mean the cobordism Bpg :^ B \ [Jp-^p^^ F'^ . 

Proposition 11.3.2. (^ ||73|] J. Let Fq be a minimal component of the fixed point set in a collapsible cobordism 
B. Then the elementary collapse B^° with respect to Fq is again a collapsible cobordism, in particular it 
satisfies: 

1. B^" = _B_|_ is an open subset of B, 

2. Fq is a closed subset of B and equivalently B^° is an open subset of B. 

3. B^° is an open subset of B^° and B'l° = B^" \ [Jf^Fo 

4. The elementary cobordism Bp^ is an open subset of B such that 

(Bfo)- = Bp„ \ F^ = B_ 
{Bfo)+ = -B-Fo \ ^o" = BJ". 

5. There exist good and respectively geometric quotients Bp^/ / K* and B^° / K* and moreover the natural 
embeddings «_ : -B_ C Bp^ and «+ : B^'^' C Bpg induce proper morphisms i-/K* '■ B^° / K* — > Bp^J / K* 
and i+iK- ■ B^/K* BpJ/K*. □ 

We can extend the order < from Definition |ll.2.l| to a total order. 
As a corollary from the above we obtain: 

Proposition 11.3.3. Let Fi < . . . < Fk denote the connected fixed point components of a cobordism B. 
Set B, B \ {{jp^^p^ Fr U [jp^yF. ^/)- 
Then 

1. =i?_, {Bk)+=B+. 

3. There is a factorization 

B^/K* = {Bi)-/K*- -^{Bi)+/K* = {B2)-/K*~ ^ . . . {Bk-i)+/K* = {Bk)-/K*- -^{Bk)+/K* = B+/K*. 

□ 
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11.4. Existence of a smooth birational cobordism. 

Proposition 11.4.1. (see also fl3^ ) Let (j) : Y X he a birational projective morphism between smooth 
complete varieties over an algebraically closed field of characteristic 0. Let U <Z X,Y be an open subset , 
where (j) is an isomorphism. 

1. There exists a smooth collapsible cobordism B = B{X,Y) between X and Y such that B D U x K* 

2. Lf Dx := X \ U and Dy :—Y\U are divisors with normal crossings then there exists a cobordism B 
between X and Y such that 

• X and Y are obtained from X and Y by a sequence of blow-ups at centers which have normal 
crossings with components of the total transforms of Dx and Dy respectively. 

• U X K* C B and B \{U x K*) is a divisor with normal crossings. 

Proof. (1) If X and Y are projective the construction of B is given in Proposition 2 of |Q; in general we 
use the construction of D.Abramovich (Remark after Proposition 2 in [^). B is an open subset of B where 
B is obtained from X x P^ by a sequence of blow-ups at ideals, hence by a single blow-up of an ideal. By 



Lemma 11.2.3, B is collapsible. Consequently B is a collapsible cobordism. 

(2) The sets B- and B+ are locally trivial i4r*-bundles with projections 7r_ : _B_ B^/K* ~ X and 
7r+ : 5+ ^ B+/K* ~ Y. Let Z := B\{U x K*). Then ZOB^ and Zr\B+ are normal crossing divisors and 
7r_(Zni?_) — Dx and TT^{ZnB^) — Dy. Let f : B B he a. canonical principalization of Iz (see Hironaka 
H, Villamayor |7| and Bierstone-Milman [§). Let /+ : f-^{B+) B+ (resp./_ : f-^{B_) B„) be its 
restriction. By functoriality /+ (resp. /_) is a canonical principalization of _B_|_ (rcsp. _B_) which commutes 
with a canonical principalization Y of Idy oh ^ (resp. X of Idx Dx) In particular all centers are 
iir*-invariant of the form 7r^^(C) (resp. 7rZ^(C)), where C have normal crossings with components of the 
total transform of Dy (resp. Dx). □ 

12. Weak factorization theorem 
12.1. Construction of a 7r-regular cobordism. 

Definition 12.1.1. 1. We say that a cobordism B is ir -regular if for any x in B which is not a fixed point 
of the i('*-action in B there exists an affine invariant neighborhood U without fixed points such that 
U/K* is smooth. 

2. We call a cobordism B K* -stratified if it is a i4r*-stratified toroidal variety. 

Proposition 12.1.2. Let (B, S) be a smooth stratified cobordism between smooth varieties X and X' . There 
exists a K*-toroidal modification B of B obtained as a sequence of blow-ups of stable valuations such that 
B is a t: -regular K* -stratified cobordism between X and X' . Moreover if U C X is an open affine invariant 
fixed point free subset such that U/K* is smooth then all centers of blow-ups are disjoint from U . 



Proof. By Lemma [4.8.3| we can associate with {B, S) a ii'*-semicomplex S. Since for any fixed point 



component F in B the sets F"*" and F are not dense it follows that is strictly convex. By Lemma 10.4.4 



there is a A'*-canonical subdivision A of S which is 7r-nonsingular and does not affect any 7r-nonsingular 



cones in S. By Theorem 6.6.1, A corresponds to a iir*-stratified cobordism between X and Y . □ 



12.2. Factorization determined by a 7r-regular cobordism. 

Proposition 12.2.1. Let [B,R) be a ir-regular collapsible K* -stratified cobordism between smooth stratified 
toroidal varieties {X,Sx) = {B_ / K* ,{R r\B_) / K*), {Y,Sy) = {B+/K\{Rn B+)/K*). Let Bi be elemen- 
tary cobordisms as in Proposition 11.3.3^ . Then there exists a sequence of smooth stratified toroidal varieties 



{Xi, Si) := {{B.i)^/K\ {R n {B,)^)/K*) and a factorization 

go y \ fo gi / \ fl 5n-l / \ fn~l 

X = Xq > Xi > X2 ■ ■ . Xn-l > Xn = 

where each Xi is a smooth variety and fi '. Yi ~> X^+i and gi : Yi ^ Xi for i = 0, . . . , n 1 are blow-ups at 
smooth centers which have normal crossings with the closures of strata in Si (resp. Si+i). 



Proof. Follows from the following Lemma 12.2.2 and Proposition 11.3.5 . □ 
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Lemma 12.2.2. Let {B,R) be a n-regular elementary K* -stratified cobordism. Then X = B_/K* and 
Y = B^/K* are smooth stratified toroidal varieties with stratifications Sx and Sy induced by Rn B^ and 
RCiB^ and there exists a smooth variety Z , obtained by a blow-up at a smooth center Cx (resp. Cy ), having 
only normal crossings with closures of strata in Sx (resp. Sx)- 

Proof. For any X let X denote its normalization. 



The fixed point component is equal to the closure strat b (c) of the maximal stratum , corresponding to a 
circuit a. 



Consider the commutative diagram 



B+/K* B^/K* 

\ / 
Bj IK* 



This diagram can be completed to 

Z := {B+IK* Xb,,k. B^/K*r 

B+/K* B^/K* 

/ \ 
B^jK* B^/K* (*) 

\ / 

B//K* 

where the morphism ?/; is given by the normalization. 

For any x G strat(cr) find t > a such that x e strat(T). Let (pr '-Ut ^ X^- be the relevant chart. 
The above diagram defines locally a diagram 

iiUr) + /K* Xu^^K' {Ur)-/K*r 
i 

{Ur) + /K* Xu^/i,, {Ur)-/K* 

/ \ 
iUr) + /K* (Ur)-/K* 



Url/K* 



This diagram is a pull-back via a smooth morphism 4>t-/K' ■ Ur//K* X^/K* of the diagram of toric 
varieties 

:= {{Xr)-/K* Xx^/K* iXr) + /K*r 

i 

{Xr)-/K* Xx^/K' {Xr) + /K* 
/ \ 

\ / 

X,v = Xr//K* 

It follows from the universal property of the fiber product that is a normal toric variety whose fan 
consists of the cones {n | n e Si, T2 G S2}. 

The cone r is 7r-nonsingular and by Lemma 10.4.5 we can write the only dependence relation of = 



(wi, ... . . . , w„i,gi, . . . ,9;), where (wi, ... ,Vk,wi,. . . ,w,n) is a curcuit, as follows: 

e := Ui + . . . + Wfc = Wl + . . . + Wrn- 

Finally, S = (e) ■ Si and S = (e) ■ S2 are regular star subdivisions. 

We have shown that the morphisms Z —> X and Z ^ Y defined by the diagram (*) are blow-ups at 
smooth centers. These centers have normal crossings with closures of strata since locally the centers and the 
closures of strata are determined by the closures of orbits on a smooth toric variety. □ 
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12.3. Nagata's factorization. 

Lemma 12.3.1. (Nagata) Let X Z) U C Y be two complete varieties over an algebraically closed field, 
containing an open subset U . Then there exists a variety Z which is simultaneously a blow-up of a coherent 
sheaf of ideals Tx on X and a blow-up of a coherent sheaf of ideals ly on Y . Moreover the supports of Ix 
and Xy are disjoint from U 

The above lemma is a refinement of the original lemma of Nagata 

Definition 12.3.2. (Nagata |5^) Let Xi D U , ior i = 1, . . . ,n he complete varieties over an algebraically 
closed field, containing an open subset U. By the join Xi * ... * Xk we mean the closure of the diagonal 
A(C/) c Xix ...X Xk. 

Lemma 12.3.3. (Nagata j Let X Z) U G Y be two complete varieties over an algebraically closed field, 
containing an open subset U. Then there exist coherent sheaves of ideals Xi, . . . ,Ik on X with supports 
disjoint from U and blow-ups Xi = blj^X, . . . , X^ — blj^.^ such that the join Xi * . . . * Xk dominates 
Y. □ 



Proof of Lemma 12.3.1 Let Xi be as in the assertion of Lemma 12.3.3 . Note that Xi x . . . x Xk is 
projective over X x . . . x X . This implies that Xi* . . .* Xk is projective over A{X) ~ X. Thus there exists 
a sheaf of ideals J' on X such that Xi * . . .* Xk ^ X is the blow-up at J7. By Nagata and the above find a 
blow-up X' oi X at J' such that X' dominates Y. Denote the blow-up hy (j> : X' ^ Y . Analogously find a 
blow-up Z of y at Xy such that Z dominates X'. Thus Z ^ X' is a blow-up at (f)^^{Xy) and Z X is a 
composite of blow-ups and consequently a single blow-up at some sheaf of ideals Xx ■ Q 



12.4. Proof of the Weak Factorization Theorem. Step 1 By Nagata's Lemma 12.3.1 we find a Z' 
obtained from X and Y respectively by blow-ups at centers disjoint from U . If X and Y are projective we 

can take Z' to be the graph of 4> : X >Y. Let Z" be a resolution of singularities of Z' and Z he a canonical 

principalization of the ideal of the set Z" \ U (this is needed for part (2) of the theorem only). Then Z\U 
is a divisor with normal crossings. It suffices to prove the theorem for the projective morphisms Z ^ X (or 
Z Y). 

Step 2 By Proposition 11.4.1 there exists a smooth collapsible cobordism B ~ B{Z,X). If Dx := X \ U 
and Dz := Z \ U are divisors with normal crossings then there exists a cobordism B between X and Y as 
in the proposition such that B \ {U x K*) is a normal crossings divisor. For simplicity denote X, Z, B by 
X, Z, B respectively. 

Step 3 By Lemma 4.2.1 there exists a i4r*-invariant stratification S on B such that {B, S) is a i4r*-stratified 
toroidal variety, li B \ {U x K*) is a normal crossings divisor then the components of this divisor are the 
closures of some strata in S. 

Step 4 By Proposition 12.1.2| we can find a 7r-regular collapsible i4r*-stratified cobordism {B, R) between 
X and Z by applying a sequence of blow-ups at stable valuations to (_B, S) and using the combinatorial 
algorithm. The subsets 5+ = _B+ and i?_ = B^ are unaffected. 

Step 5 By Proposition 12.2.1 the 7r-regular cobordism {B,R) determines a factorization of the map Z X 
into a sequence of blow-ups and blow-downs. All centers have only normal crossings with closures of the 
induced strata on intermediate varieties. □ 



13. Comparison with another proof. Torification and stable support 

13.1. Comparison with another proof. In Q another proof of the Weak Factorization Theorem is given 
, where the theorem is stated an proved in a more general version. In particular the assumption of the base 
field to be algebraically closed was removed. The theorem was also formulated and proved for bimeromorphic 
maps of complex compact analytic manifolds. The proof in |^ uses the idea of torific ideals due to Abramovich 
and De Jong. The idea of the proof is to consider an ideal on a smooth cobordism whose blow-up determines 
a structure of toroidal embedding compatible with the iir*-action. Such an ideal, called "torific", and the the 
blow-up procedure , called torification were introduced by D. Abramovich and J.de Jong. The torific ideal is 
defined in an invariant neighborhood U of the fixed point component of the smooth variety with ii'*-action. 
Let ui, . . . ,Uk denote the semiinvariant parameters with weights oi, . . . , a^. We define the torific ideal to 
be / = La^ ■ . . . ■ La^. , where la denotes the ideal generated by all semiinvariant functions of weight a. The 
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blowing-up of the torific ideal induces a structure of toroidal embedding, locally on each elementary piece of 
cobordism. Torification allows one to pass to the category of toroidal embeddings, where the factorization 
problem has already been solved using combinatorial algorithms. However the torific ideal can be constructed 
only locally on elementary cobordisms. Hence after the torification is done on each elementary cobordism 
some glueing procedure should be applied. Using canonical principalizations of torific ideals and canonical 
resolution of singularities of intermediate varieties gives a factorization on an elementary cobordism between 
canonical resolution of singularities. Patching these factorizations together one gets a decomposition of the 
given birational map. 

13.2. Torification and stable support. The notion of torification can be understood and generalized on 
the ground of the theory of stratified toroidal varieties. 

Definition 13.2.1. Let {X, S) be an oriented stratified toroidal variety (with or without group action). By 
a stable ideal X we mean a coherent sheaf of ideals X satisfying the following conditions : 

1. The support of X is a union of strata in S. 

2. For any points x\ and xi in a stratum s and any isomorphism : X^-^ Xx2 preserving strata and 
orientation (respectively equivariant with respect to the r(j-action), 4>*{I) ■ = X ■ Oxi ■ 

Proposition 13.2.2. Let X be a stable ideal on an oriented stratified toroidal variety {X,S). Then for any 
(T G S there is a G" -invariant toric ideal on X^ such that 

1. The induced ideal on Xa is -invariant. 

2. For any chart (pa- '■ U Xa, Xjj — 4>^{Ia)- 

3. For any r < a, I-r ■ Ox.x„ is the restriction of 1^ to the open subset X^^- jv„) C Xa-. 

One can rephrase the above proposition in combinatorial language, using the correspondence between 



toric ideals X and ord(X)-functions in and Lemma 7.6.4. 

Proposition 13.2.3. Let (X, S) be an oriented stratified toroidal variety with an associated oriented semi- 
complex E. The stable complete coherent sheaves of ideals X on {X,S) are m 1 — 1 correspondence with 
collections of functions OTd{L^), a £ Y,, satisfying: 

1. ord(/o.) : (J — > Q is a convex piecewise linear function OTd{L^){N^) Z. 

2. Denote by A(I^) the subdivision of a into the maximal cones where ord(/o-) is linear. T/ien Vert (A (/q.)) C 
stab(CT) U Yert{a), and ord(/<j)(u) = for any v G Vert(A(/cr)) \ stab(cr). 

3. For any t < a , the restriction of ovA{Ia) to r is equal to ord(/.r)- D 

It follows that the functions ord(/cr) patch together and give a function ord(I) on the totality of vectors 
in faces of E. 

Lemma 13.2.4. Denote by A(Z) the subdivision of S obtained by glueing the subdivisions A(/(j). Then 
A(I) is a canonical subdivision of Yi correspondinding to the blow-up of{X,S) atX. □ 

Definition 13.2.5. Let {X^S) be an oriented stratified toroidal variety (with or without group action). 
Then an ideal X is called torific if it is stable and the normalization of its blow-up is a canonical toroidal 
morphism {Y, R) (X, S) such that (y, R) is a toroidal embedding. Such a blow-up is called a torification. 

Lemma 13.2.6. Let {X,S) be an oriented stratified toroidal variety with an associated semicomplex S. 
Then a stable ideal X is torific iff any a G A(X) whose relative interior intersects the stable support Stab(S]), 
is contained in Stab(S). 



Proof. If int(CT) n Stab(E) ^ then a G A(T)stab- By Theorem |6.6.1| and Lemma [4.8.2| , A(J)stab is a 
complex corresponding to the toroidal embedding. Hence all vectors from cr are stable. □ 

Torification is not always possible. However we can perform torification locally in the following sense. 

Proposition 13.2.7. Let (X^S) be an oriented stratified toroidal variety with an associated oriented semi- 
complex S. Then for any u G S there is a G" -invariant ideal 

{G- ■u,)-...-{G- -Uk), 

where ui, ... ,Uk are toric paramaters on X^ such that A.(L^) contains the face Inv((T). In particular 

Inv(a) = conv((Vert(A(/<,)) \ Vert(a)) U Vert'^™"'=(cr)), 
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where Vert''''™"^((T) denotes the set of 1-dimensional faces in the semicone a. 

Proof. Denote by Vy the vector corresponding to a toric valuation v. Note that a toric valuation v is G"^- 



invariant iff h'{g*{ui)) = v{ui)) for any z = 1, . . . ,k and g £ G"^. It follows from Lemma 5.1.4 that the latter 
statement is equivalent to the following one: i'{g^,{ui)) > i'{ui) for any g e G"^. This can be reformulated 
as follows: v is G"^-invariant iff ovA{Ifj){vi,) — v[ui ■ . . . ■ u^). Finally, Inv(cr) is a set where ord(/o.) is linear 
and equal to the functional of Mi • . . . • u^. Hence Inv(cr) occurs as a cone in /S.{I„). All vertices of this cone 
belong to Inv(cr) and hence they have to be in the form as in the proposition. □ 

Remark. The above proposition generalizes the construction of torific ideal due to Abramovich and de Jong 
(i). 



13.3. Computing the stable support. Proposition 13.2.7 provides a method of computing the stable 
support of semicomplexes. 

Example 13.3.1. Let {X, S) be a toroidal variety with an isolated singularity 2:1X2 = x^x^ as in Example 



4.10.7, The associated semicomplex E consists of the cone over a square and the apex of this cone. Then 
G"^ • Xi — (xi, X2, xa, X4) is the ideal mp of the singular point p. Hence the torific ideal Jo-, where s = {pj, is 
equal to m^. A(/cr) is the star subdivision at the ray g over the centre of the square. By Proposition 13.2.7, 

Stab(I]) = Inv(cr) = Q. 



Example 13.3.2. Let (X, S) be a smooth stratified toroidal variety of dimension 3 with the stratification 
determined by two curves li and I2 meeting transversally at some point p. The associated semicomplex E 
consists of the regular 3-dimensional cone a = {wi,W2,wy,) and its two 2-dimensional faces ti = (wijWa) 
and T2 = {w2,w^). Set vi :— wi + W3, V2 W2 + W3, v :— wi + W2 + W3. Write li : xi = x^ — 0, 
h ■ X2 ^ X3 ^ 0. Then {G" ■ xi) = = [xi^x^), ■ X2) = (x2,X3), [G^ ■ x^) = h^yji^ = {x3,xiX2). Then 
A(/o-) is determined by two star subdivisions: {vi) ■ a, (^2) • cr, and the subdivision Eq of a determined by 
ord((a;3, a;ia;2)) := min(w3, w* + Wj). The latter consists of two cones separated by the 2-dimensional face 
{vi,V2)- Then Inv(a-) — {vi,V2,v). Also Inv(Ti) = {vi). Finally, 

Stab(E) = Inv(cr) = {vi,V2,v). 

The above considerations can be generalized to any regular semicomplex. We shall skip the details of the 
proof. 

Proposition 13.3.3. Let Y, be a regular semicomplex. For any cone a = (wi, . . . set 
Va := vi + . . . + Vk^. Then 

stab((T) = Q Vr- 

□ 

This formula can be extended to any oriented simplicial semicomplex. 

Conjecture 13.3.4. Let E be an oriented simplicial semicomplex. For any a £ T, let Va denote the set of 
all the minimal internal vectors of a and Wa := Ut<(t ^t"- Then 

stab((T) = Q V. 
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